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Abstract

This work is concerned with finding accurate numerical approximations to
nonlinear reaction-diffusion problems that exhibit layer phenomena. It con-
siders three variations of problems of this type. These are; a two-dimensional
steady state equation with Dirichlet boundary conditions exhibiting interior
layer solutions; a time-dependent equation with singularly perturbed Neu-
mann boundary conditions with boundary layer solutions; and a steady state
equation with singularly perturbed Neumann boundary conditions exhibiting
boundary layer solutions.

Asymptotic analysis is called upon from previous literature in order to
obtain upper and lower solutions to the problems. The theory of Z-fields are
then used along with discrete upper and lower solutions to prove existence
of a discrete solution and obtain accuracy bounds. Discretisations in the fi-
nite difference method and the finite element method are presented on layer
adapted meshes such as the Shishkin and Bakhvalov mesh. In cases where
incorrect computed solutions are obtained from a conventional discretisation
the stabilised method by Kopteva and Savescu [16] is employed, giving solu-
tions of the correct form.

It is found that the problems have second-order convergence in space in
the maximum norm, with a logarithmic factor for the Shishkin mesh, and,
for the time-dependent problem, first order convergence in time in the max-
imum norm, again with a logarithmic factor for the Shishkin mesh. Finally,

numerical examples are given to support the theoretical results.
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Chapter 1

Introduction

This work presents three variations of nonlinear singularly perturbed reaction-
diffusion problems with a focus on finding reliable numerical methods for each
problem. The problems are as follows: a two-dimensional steady state equa-
tion with Dirichlet boundary conditions exhibiting interior layer solutions; a
time-dependent equation with singularly perturbed Neumann boundary con-
ditions exhibiting boundary layer solutions; and a steady state equation with
singularly perturbed Neumann boundary conditions also exhibiting boundary
layer solutions. The purpose of this investigation is to prove existence of a
computed solution and obtain accuracy results for each problem. These types
of equations can be found in many biological and chemical processes and, as
they are singularly perturbed, can be difficult to solve numerically.

The first of the three problems we consider is
—’Au+b(r,u) =0 for v = (11,15) € Q CR?, (1.0.1a)

u(z) = g(x) for z = (xq,29) € 09, (1.0.1b)

where A = 92 /0z3+0? /0x3 and the small perturbation parameter, ¢, is taken

to satisfy 0 < ¢ < 1. We look for interior layer solutions to (1.0.1) under
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certain local assumptions, including that the reduced problem b(z,u) = 0,
found by setting ¢ = 0, has multiple solutions. The solution to (1.0.1) switches
dramatically between different stable solutions of the reduced problem in a
narrow region in the interior of the domain. Although the diffusion term has
a minor role to play in the majority of the domain, in this region it becomes
important. Here the derivative terms grow as € goes to zero and the area of
rapid change occurs in the solution. For visualisation purposes a schematic of
a one-dimensional interior layer solution is shown in Figure 1.1a. We aim to
prove existence of a computed solution and obtain accuracy bounds for that
solution.

The second problem we consider is

ou  0%u
_ 20U _Oou _
Tu:=¢ (825 8952) + f(x,t,u) =0, (1.0.2a)
for (z,t) € D:={(z,t) €[0,1] x [0,T], T € R"},
U ) fori=0,1,t€0,T] (1.0.2b)
x| _,
and
u(z,0) = (xz) for z €0,1]. (1.0.2c)

Boundary and initial layer solutions to (1.0.2) will be considered by making
certain local assumptions on the problem. In this case the solution in the
majority of the domain does not necessarily match the boundary or initial
condition and hence the area of rapid change occurs near this condition. We
show a one-dimensional boundary and initial layer solution in Figure 1.1b and
Figure 1.1c, respectively. Corner layer solutions will be omitted by enforcing
certain conditions at the corners of the domain. The aim is to prove existence

and accuracy of a computed solution.
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The third and final problem we present is

—?Au+blx,u) =0 for x=(11,79) € QCR? (1.0.3a)
ou
E— = g(z) for x € 09, (1.0.3b)
on | ,eoq

Here we again look for boundary layer solutions to the problem. Much of
the work of the previous two problems can be combined to obtain results for

this problem.

0

90 9 > ¢
>
0 1 0 1z ?

(a) An interior layer solu- (b) A bounda?“y lay.er SOZ.U_ (¢) An initial layer solu-
tion in one dimension with

tion in one dimension with tion in one dimension with
_ layers at v = 0 and':t‘ =~ a layer at t = 0 and initial
1 and boundary conditions condition u(0) = .

u(0) = u(l) =g.

boundary conditions u(0)
go and u(1l) = g;.

Figure 1.1: FExamples of possible layer solutions in one dimension.

We aim to find reliable numerical methods to solve these problems with
a focus on efficiency and accuracy. Using numerical methods designed for
standard problems gives errors that depend on the small parameter ¢ and
thus are not acceptable methods for singularly perturbed problems. Due
to this difficulty, we aim to find methods that converge e-uniformly, i.e.,
methods that do not have a dependence on € and have only a dependence on
the number of mesh nodes.

In much of the numerical analysis literature it is assumed that the non-

linear function is monotonically increasing with respect to the solution, i.e.,

by(z,u) > 0 for (1.0.1) and (1.0.3) and f,(z,t,u) > 0 for (1.0.2). With
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this assumption the maximum and comparison principles [28] are applicable.
However this is a restrictive criteria as many physical problems do not have
this requirement. Many chemical and biological processes involve problems
where the nonlinear term is non-monotone with respect to the solution, see
[10, §2.3] and [23, §14.7]. Furthermore this criterion rules out the existence of
interior layer solutions. Instead, here weaker local assumptions are employed
in each problem.

In the remainder of this chapter applications of singularly perturbed reaction-
diffusion equations are discussed, important concepts are introduced that are
central to the analysis in this thesis; upper and lower solutions, Z-fields and
layer-adapted meshes, and a literature review of works that are central to the

discussion is included.

1.0.1 Applications

Problems involving layer solutions arise in many areas of science and key
components of reaction-diffusion equations are able to give further explana-
tion to these systems. Three important examples of problems exhibiting layer
phenomena are the modelling of pattern formation, chemical reactions and
predator-prey interaction.

Discussion of problems involving layer phenomena greatly help the un-
derstanding of the pattern formation mechanism in nature. In The Chemical
Basis of Morphogenesis [38], Turing considered such examples as reaction-
diffusion systems giving rise to dappling pattern formation, whorled leaves
and phyllotaxis. An image of dappling is represented in Figure 1.2a. Further
discussion of layer phenomena in pattern formation can be found in [9], [10,
§2.3], [7] and [25].

A chemical reaction is modelled in [36] by a coupled system of reaction-

diffusion equations with a large parameter multiplying the reaction terms.
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Predator

population

Prey

>

time
(¢) Schematic of a predator-
prey solution showing change
in population with time.

(a) An example of dappling (b) Pattern formation in
from Turing’s paper [38].  a Belousov-Zhabotinsky reac-
tion.

Image source: [3]

Figure 1.2: Fxamples of pattern formation in nature.

The chemical reaction involves two species A and B with a thin membrane
separating the region of species A from species B. A third intermediate
species is generated quickly when A and B coexist and is depleted quickly
when reacting with A. Solutions are found to exhibit interior layers in space
that move with time.

A more complicated example of a chemical reaction giving rise to inte-
rior layer solutions is the Belousov-Zhabotinsky reagent, [43] and [13]. This
reagent again exhibits spatial interior layers that move with time. In the
two-dimensional case these are typically a closed ring expanding away from a
point of initial excitation while another possible pattern form is represented
in Figure 1.2b.

Predator-prey models also often involve layer solutions. In these mod-
els two populations coexist, the predator and the prey. This is modelled
by a reaction-diffusion system where the reaction term represents birth and
death rates and the diffusion term represents spatial movement. The result-

ing model is a coupled system with a small parameter. A schematic of a
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predator-prey solution over time is shown in Figure 1.2¢ where the prey pop-
ulation has a chance to grow significantly while the predator population is
low. Models of such problems can be found in [10, §2.3] and in [23, §14.7]
where the interaction between two tribes and the local deer population in
Wisconsin, USA is discussed.

Further examples include the modelling of combustion processes in au-
tocatalytic reactions, heat conduction in thin bodies, relaxation waves in
the FitzHugh-Nagumo system modelling propagation of excitation in a nerve
axon and Allen-Cahn equation modelling phase separation in iron alloys, [39,
§4], [10, §3.4], [25]. Tt is clear that accurate solutions of singularly perturbed
problems are important to many areas of science and help in understanding

the underlying mechanisms in such systems.

1.0.2 Upper and Lower Solutions and Z-fields

The theory of upper and lower solutions is central to the arguments made
for all three problems in this thesis. This theory can also be extended to the
discrete space where, with the theory of Z-fields, existence and accuracy of a
computed solution can be shown.

A full discussion on upper and lower solutions in various contexts can be
found in [27]. For the purposes of this thesis we present upper and lower

solutions in the context of a general time-dependent parabolic problem,

(?;: — Lu = f(x,t,u) in Q, (1.0.4a)
Bu = h(x,t) on 04, (1.0.4b)
u(z,0) = up(x) in Q, (1.0.4¢)
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where

0*u & 0
Lu = Z Gjg o~ o, Z —, Bu:= ozo(:v,t)a—z + Bo(x, t)u, (1.0.5)

i,7=1 =1 ]

where a;; and b; are Holder continuous in €2, d/dn is the outward normal
derivative and ag = 0, By = 0 and ag + By > 0 on 0f).
Definition 1. [27, p. 57] A function @ € C(Q) N C"2(Q) is called an upper

solution of (1.0.4) if it satisfies the inequalities

o0t

N —La > f(x,t,a) in Q, (1.0.6a)
Bt > h(x,t) on 09, (1.0.6b)
w(z,0) > ug(x) in . (1.0.6¢)

Similarly, & € C(Q) N C"?(Q) is called a lower solution if it satisfies all the

reversed inequalities in (1.0.6).

We consider the case where @ and 4 are ordered upper and lower solutions,
that is @ > 4. Assume f satisfies, for some bounded functions ¢ = ¢(z, t) and

¢ = ¢(x,t), the following condition

—c(ug —ug) < flo,t,uq) — fo,t,ug) < c(up —ug)  for @ < ug <y < 4.
(1.0.7)
For some suitable initial iteration u(?) upper and lower sequences, {ﬂ(k)} and

{u™} are constructed using the system

ouk)

Tl Lu® + cu® = F(z,t,u* ) inQ, (1.0.8a)
Bu®) = h(x,t) on 09, (1.0.8b)
u® (x,0) = up(x) in Q, (1.0.8¢)

7
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for £ = 1,2,... and F(x,t,u) = cu(x,t) + f(z,t,u) with ¢ = ¢, ¢ = ¢
for the upper and lower sequences respectively. For the upper solution the

0 = ¢ and for the lower solution take u©) = .

initial iteration is taken as u
The following theorem states that under condition (1.0.7) these converge to
a unique solution of (1.0.4) and importantly for our analysis that a unique

solution exists between the upper and lower solutions.

Theorem 1.0.1. /27, Theorem 4.1, p.64] Let u, 4 be ordered upper and
lower solutions of (1.0.4) respectively, and that f satisfies (1.0.7). Then the

sequence {u®}, {u®™} converges monotonically to a unique solution u of
(1.0.4) and

0 <u® <u Y <o <a®t) <a® <aoin Q. (1.0.9)

1=

For the discrete space a similar theory can be used to obtain discrete
upper and lower solutions and prove existence of a computed solution. The
discrete upper solution is obtained by considering the discrete operator for
the system and a discrete version of (1.0.6). The discrete lower solution is
obtained similarly where (1.0.6) has again got reversed inequalities.

The theory of Z-fields can now be used to prove existence of a discrete
solution and obtain bounds for that solution. A description of Z-fields is given
by Lorenz in the unpublished work [21] and also by Kopteva and Stynes in
[17]. We present this description here.

Definition 2. [21, p. 6][17, § 3.2] An operator H : R" — R"™ is a Z-field if for
all i # j the mapping x; — (H(z1, 2, ...,,)); is a monotonically decreasing

function from R to R when x4, ...,2;_1, 241, ..., 2, are fixed.
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Remark 1.0.2. If an operator H is differentiable, then H is a Z-field if and
only if its Jacobian has non-positive off-diagonal entries, that is its Jacobian

is a Z-matrix [21, p.7].

The following lemma provides existence of a computed solution and states

that the discrete upper and lower solutions bound the computed solution.

Lemma 1.0.1. /21, p. 7][17, Lemma 3.1] Let H : R"™ — R""! be con-
tinuous and a Z-field. Let r € R"! be given. Assume that there exists o,
€ R such that o < B and Ha < v < HB. Then the equation Hy = r
has a solution y € R™™ with o <y < B. (The inequalities are understood to

hold true componentwise.)

Proof. This proof can be found in [21, p. 7] (unpublished) and can also be
found in [17, Lemma 3.1]. Tt is included in Appendix A.2 for completeness.
O

Discrete upper and lower solutions and the theory of Z-fields will be used
throughout this thesis in order to obtain existence of a discrete solution and

accuracy bounds for each problem.

1.0.3 Layer-adapted meshes

Due to the small parameter in (1.0.1), (1.0.2) and (1.0.3) causing regions of
rapid change layer-adapted meshes are necessary to gain accuracy in the layer
region. By using layer-adapted meshes the layer is resolved and high accuracy
is obtained in the entire domain. Two important layer-adapted meshes are
the Shishkin mesh and the Bakhvalov mesh which will be described in this
section. For a general overview as well as discussions of the two meshes that
are described here see [30, Part 1 §2.4], [29, Chapter I §2.4], [20, Chapter 2],
[5, Chapter 3| and [22, Chapter 5 & 6].

9
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(1791)

g1

—>>
0 Lz
Figure 1.3: An example of a solution for a problem of type (1.0.10) with a
boundary layer at x = 0.

Consider the one-dimensional problem

—ggﬁﬁ+uxu)—o for x € (0,1) (1.0.10a)
dl‘2 I - 9 9 M

u(0) = go, u(l) =g, (1.0.10b)

with a boundary layer at * = 0 and no boundary layer at z = 1. As-
sume ug(z) is a solution to the reduced problem, i.e., b(x, uo(z)) = 0, and
bu(z,up) > 4% > 0. In the majority of the domain the solution remains close
to the solution of the reduced problem, ug(x), while in a narrow region near
x = 0 the solution behaves like an exponential function changing rapidly be-
tween the boundary condition and the reduced solution. An example of the
form of such a solution is given in Figure 1.3. Assume the computed solution
of (1.0.10) is found by solving an appropriate finite difference approximation
with order p.
Consider a mesh with the properties 0 =z <1 < - <axy_1 <y =1

where N + 1 is the number of mesh points in the region [0, 1]. The mesh size

10
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is given by h; := x; — x,_1 and h := max;—;__n h;. A uniform mesh is simply
defined as x; := i/N. We now present the Shishkin mesh and the Bakhvalov
mesh for problem (1.0.10).

The Shishkin Mesh [33, 34] (see also [15])

The Shishkin mesh first appeared in [33] and [34]. It is a piecewise uniform
mesh in one dimension and a tensor product mesh in higher dimensions. It
is the simpler of the two meshes considered here. A Shishkin mesh has a fine
mesh inside the layer region and a coarse mesh elsewhere. This is represented

in Figure 1.4.

To TyN TN
0 T 1

Figure 1.4: The Shishkin mesh for a one-dimensional problem with a boundary
layer at x = 0 and mesh transition point T.

The importance of the Shishkin mesh versus other piecewise uniform
meshes is based on the choice of transition parameter, 7, the point at which
the mesh changes size. The regions [0, 7] and [7,1] are divided into ¢/N and
(1—gq)N intervals respectively where N is the number of mesh intervals and ¢
represents the portion of the mesh used to resolve the layer. Hence the mesh
size in the first region is h = 7/(¢/N) and in the second is h = (1—7)/(N—¢N).
The mesh transition parameter, 7, is chosen to ensure e-uniform convergence

in the discrete maximum norm. Two conditions are enforced;

h
150 as N — oo, (1.0.11a)
€

and
T v as N—o 00, (1.0.11b)
£

11
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-

where hy := x1 — 9. Now the mesh transition point is chosen such that N
€q

and e ?7/¢ are approximately the same order, coming from the difference

between the exact and computed solutions. This is done by choosing
7:=min{Creln N, q}, (1.0.12)

where C, is a user-chosen positive constant such that C, > p/g recalling p
is the order of the method. This results in a mesh that is fine in the layer
regions, near x = 0, i.e., on [0,7], and coarse elsewhere, i.e., on [7,1], as
illustrated in Figure 1.4. Note that when N is sufficiently large C,eIn N > ¢
and so the mesh returns to a uniform mesh throughout the domain.

The error in the discrete maximum norm on a Shishkin mesh is O(N 7 In” N)
where p is the order of the method. Note [15] for a full description of the

mesh and analysis of the importance of the mesh transition parameter.

The Bakhvalov Mesh [1]

The Bakhvalov mesh is a more complex mesh. It has a fine mesh in the layer
region grading to a coarse mesh in the outer region. This is contrast to the
Shishkin mesh which has a sudden transition from a fine to coarse mesh. We
present the Bakhvalov mesh similar to the form given by [20], noting alternate
forms in [29], [30] and [17] and the original in [1].

TgN TN

Zo

Illlll | 1 1 1 1 1 1
mrnr 1 | | | | | |

0

T

—

Figure 1.5: The Bakhvalov mesh.

12
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The mesh is defined, close to x = 0, as

2(i/N) = —Cyeln (1 - q;\f> for % < q— Che, (1.0.13)
and away from x = 0 the mesh becomes a uniform mesh with space step
d/N where d is user chosen positive constant. The result is a graded mesh
that is fine near x = 0, gradually becoming sparser as x increases. This
is represented in Figure 1.5. We note that if C,e > ¢ the Bakhvalov mesh
reverts to a uniform mesh with step size N~!.

The order of convergence for a method of order p on the Bakhvalov mesh
is O(N~P). The Bakhvalov mesh provides better accuracy compared to the
Shishkin mesh. However, the Shishkin mesh is favoured in more complicated

problems due to its simplicity.

1.1 Literature Review

A significant number of studies have been carried out on layer solutions of
nonlinear reaction-diffusion equations. In this section a review of a number
of papers that are central to the arguments in this thesis is included. A
comprehensive study of the analytic and numerical behaviour of solutions to
singularly perturbed problems exists is provided in [29] and [30]. We refer the
reader to [39] for a discussion of boundary function methods including phase
plane analysis that is used to prove existence of boundary layer solutions. We
also refer the reader to works on numerical methods for singularly perturbed
problems such as [22], [5] and [35]. For a discussion of the finite difference
method and the finite element method in the context of PDE’s we note The
Numerical Treatment of Partial Differential Equations [11] which includes

mesh generation for the finite element method.
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1.1.1 Singularly Perturbed Elliptic Boundary Value Prob-

lems

Consider the nonlinear reaction-diffusion two point boundary value problem

—52@ +b(z,u) =0 for x € (0,1) (1.1.1a)
dng 9 - ) ) b

u(0) = go, u(l) =g, (1.1.1b)

where ¢ < 1 and b(z, u) is nonlinear. The reduced solution u(z,t) is found
by formally setting € = 0, and solving the remaining equation. The condition
by(z,u) > 0 is often assumed in numerical analysis literature but can be
dropped for weaker local assumptions. In [4], [37], [17] and [6] the problem is

considered with the following weaker local assumptions;

(i) there exists a stable reduced solution, i.e., there exists ug(x) such that

bu(7,u(z)) > 9> >0 Vo e€l0,1], (1.1.2)

(ii) the boundary conditions satisfy

/U(Z) b(l,5)ds > 0 Yo e (uo(l), g/, 1=0,1, (1.1.3)
)
where the notation (a,b]’ is defined as (a,b] when a < b, [b,a) when

b < aand (a,b] =) when a = b.

These assumptions are necessary for the existence of zero-order boundary
layer functions. Asymptotic analysis is carried out in all four papers. D’Annunzio
[4] and Sun and Stynes [37] use upper and lower solutions with degree theory
to prove existence and local uniqueness of a solution.

In [17] upper and lower solutions and dynamical systems are used to prove

existence of the zero-order boundary layer solution and by doing this the
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necessity of (1.1.3) is made clearly visible. Asymptotic analysis is carried out
and upper and lower solutions are found. The problem is considered using
a 3-point central difference scheme on two non-uniform meshes; the Shishkin
mesh and the Bakhvalov mesh. It is assumed ¢ < CN~! for N the number of
space steps. Using discrete upper and lower solutions the theory of Z-fields
is used to prove existence of a discrete solution and accuracy bounds for it.
It is found that the numerical method gives a second-order convergence rate
in the maximum norm, with a logarithmic factor in the case of the Shishkin
mesh.

This is extended by Kopteva in [14] to two dimensions, where the problem
—?Au+b(x,u) =0 for x = (1, 79) € 2 C R?, (1.1.4a)

u(z) =g(z) =€ 09, (1.1.4b)

is considered with A := 9?/9z3 + 9?/9x3, ¢ < 1 and b(x,u) is nonlinear. In
this paper €2 is a bounded two-dimensional domain where the boundary, 052,
is a sufficiently smooth closed curve. A curvilinear coordinate system is set
up in the layer region, which is then rescaled to find the necessary boundary
layer functions. Layer-adapted meshes are used to improve accuracy in the
layer region. The discretisation of the domain is taken in two regions with an
interface between. The finite difference method is used to solve the system
in the layer region, the finite element method is used in the outer region
and a fictitious Neumann boundary condition is used along the interface to
match the solutions. Both sides of the interface curve are discretised with this
fictitious Neumann condition and then combined eliminating the condition.
Again, upper and lower solutions and Z-fields are used to obtain accuracy
bounds and existence results. It is found that the system has second-order

convergence with a logarithmic factor for the Shishkin mesh.
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1.1.2 Singularly Perturbed Parabolic Boundary Value
Problems
A stabilised method has been introduced by Kopteva and Savescu in [16]. In

this paper an initial boundary value problem with a small parameter multi-

plying the derivative terms is considered;

, [0u  D?u _
£ [(% - (’3352] + f(z,t,u) =0 for (z,t) € (0,1) x (0,77, (1.1.5a)
uw(0,t) = go(t), w(l,t)=gi(t) forte[0,T], (1.1.5Db)

u(z,0) = @(x) for x € [0,1], (1.1.5¢)

where ¢g, g1 and f are sufficiently smooth, f is nonlinear and ¢ € R*. This
equation exhibits initial and boundary layers. By numerical examples it is
shown that conventional methods may give incorrect computed solutions for
equations of type (1.1.5). To remedy this, a stabilised method is developed
to give correct-looking computed solutions on any mesh and accuracy in the
entire domain on layer-adapted meshes.

The condition f,(x,t,u) > 0 is dropped and replaced by weaker local
assumptions, the first two conditions remain as in §1.1.1, i.e., time-dependent
versions of (1.1.2) and (1.1.3) hold, and the final condition is

(i) the initial condition is in the domain of attraction of the reduced solu-

tion ug(z,t), that is

sf(x,0,up(z,0)+s) >0, s€(0,p(x)—u(z,0)]', ze€][0,1]. (1.1.6)

Compatibility conditions are enforced so that the solution is sufficiently
smooth, i.e., p(I) = ¢,(0) = up(l,0) where | = 0,1 and ug(z,t) is the solution

to the reduced solution.
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The instability in which incorrect computed solutions occur is a result of
e < 1, in particular when e? < k; where k; = t; — t;_; is the time step. In
this case the size of the discrete time derivative term is £26,U;; = O(e?/k;)
and so is negligible. In this situation the system solves a steady state discrete
equation at each time step. As there are multiple solutions to the reduced
equation the discrete system may jump between solutions to the reduced
problem. To repair this the parameter in front of the time derivative is
artificially strengthened by replacing £? with a stabilisation parameter. This
strengthens the time derivative adding artificial diffusion where necessary and
ensures the system ‘remembers’ the solution at the previous time step.

The stabilised form of the discrete system is given by

[é2<tj)6t — 5269696]Uij + f(l'l, tj, Ul]) = O, éQ(t]) = max{sZ, ék’j}, (117&)

UOj = gO(tj)> UNj = gl(tj)7 ] = 17 .- '7M7 (117b)
U = p(z;), i=0,...,N, (1.1.7¢)

where ¢; and d,, are the discretisations of 9/0t and 9% /9%, ljz-j is the sta-

bilised discrete solution and k; is the time step. The parameter C is used to
control the stabilisation and ensure there exists a unique computed solution.
The method relies on the derivative of the nonlinear function with respect to
the solution having a lower bound, that is the parameter is chosen such that
C? < —min fu(z,t,u). Taking C = 0 gives the standard method.

The change made by adding artificial stabilisation does not change the
order of the method and Kopteva and Savescu show that with an appropriate
choice of C' the method always gives at most one discrete solution. The
method has second-order convergence in space and first-order convergence in
time in the maximum norm, with a logarithmic factor for the case of the

Shishkin mesh.
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1.1.3 Singularly Perturbed Elliptic Problems Exhibit-

ing Interior Layer Solutions

Kopteva and Stynes [18, 19] consider an equation of the form (1.1.1) with

interior layer solutions,

—EQdQ—u +b(x,u) =0 forz e (0,1) (1.1.8a)
dl’2 ) - ) ) i

u(0) = go, u(l) = g. (1.1.8b)

They carry out asymptotic analysis and study a discretisation of (1.1.8) to
find accuracy and existence of computed solutions.

Certain assumptions are given that intrinsically arise in the asymptotic
analysis of such a problem. These assumptions give a unique solution to
(1.1.8). They are

(i) the reduced equation has three solutions,
b(z,or(z)) =0 for k=0,1,2, (1.1.9)
(ii) these solutions satisfy

01(x) < @o(x) < pao(x), (1.1.10)

and no other solution exists between ¢ (z) and pq(z),

(iii) the solutions ¢1(z) and ps(x) are stable reduced solutions, i.e.,

bu(z,05(2)) >0 fori=1,2, 2 €, (1.1.11)
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(iv) the solution ¢o(z) is an unstable reduced solution, i.e.,

bu(z, 0o(z)) <0 forz e Q, (1.1.12)

(v) the transition point ¢, is defined by

w2(to)
/ b(te, v)dv = 0 (1.1.13)
#1(to)
with
w2(to)
/ by (to, v)dv = —Cy < 0, (1.1.14)

w1 (to)

(vi) there are no boundary layers,
©1(0) = g0, @2(1) =g1, ¢1(0) = ¥3(1) =0. (1.1.15)

Under these assumptions the solution lies in a neighbourhood of ¢, (x) for a
portion of the domain, in a neighbourhood of s(z) for another portion of
the domain and has a rapid jump between the two regions at .

Numerical results are given that have incorrect computed solutions, with
the solution jumping many times between different solutions to the reduced
problem. In another example it is shown that with different initial guesses,
different solutions are obtained that at first glance appear correct but by
carrying out asymptotic analysis it is found that the jump occurs in the
wrong location in some of these cases.

The Bakhvalov mesh is omitted from this analysis due to the high difficulty
of the problem and to avoid further complexity. Existence is proven and
accuracy results are shown to be O([N~'In N]?77) with ¢ € [0, 2] inside the
layer region and O(N~2) outside. The stabilised method of [16] is employed
to cure the numerical instability in the problem and is shown to have accuracy
O([N7'In N]?7° + N~1) inside the layer region and O(N ') outside.
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Existence of an interior layer solution for the continuous two-dimensional

elliptic problem has been carried out by [24],
—&2Au+b(z,u,e) =0, € QCR, (1.1.16a)

u(z,e) =g(x), x €. (1.1.16b)

In [24] interior layer solutions of (1.1.16) are analysed and an asymptotic
expansion is carried out. From this, existence of a solution is proved and
accuracy of the asymptotic expansion is found using similar methods to the
previous papers discussed. In this paper both boundary and interior layers
are considered. Similar assumptions are made in [24] to that in [18]. The
first four of these resemble two-dimensional versions of (1.1.9)-(1.1.12) with
@o(x) = 0. The transition point in one dimension becomes the transition
curve C' in two dimensions whose asymptotic expansion is given by C with
leading order term Cy. The curve Cj is defined by a two-dimensional version
of (1.1.13), that is

(z)
I(z) = /” b(z,u,0)du =0 for z € Cp. (1.1.17)

This is the leading order term in the asymptotic expansion of the curve along
which the solution switches between solutions of the reduced equation. The

two-dimensional version of (1.1.14) becomes

(i)
;nl(x) <0 z e Cy. (1.1.18)

The assumption

(iii)
/s b(z,u,0)du >0 for s € (¢1(x), pa(w)), s € Q, (1.1.19)

w1(z)
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is made as well as a two-dimensional version of (1.1.3) to give existence of
boundary layer solutions. The true location of the transition curve is given
by

u(z,e) = po(z) =0, xeC. (1.1.20)

It is found that the asymptotic expansion u”,(z,c) = I e (u; + v;) where v;

are boundary layer functions, satisfies
max |u(z, ) — ul,(z,¢)| = O(e"). (1.1.21)
)

Variations of the assumptions given in this section can be found in [42] for
a one-dimensional time-periodic problem, and in [40], [41] and [8]. Fife and
Greenlee [8] consider the interior layer solution of (1.1.16) with assumptions
(1.1.9)-(1.1.14) and (1.1.17)-(1.1.18). They find that there exists an interior
layer solution to (1.1.16) by using the implicit function theorem. This involves
a decomposition of the space into two parts and hence a decomposition of the
problem into two parts. Results given are not as strong as we propose as the
technique used cannot be easily imitated in numerical analysis. A version of

(1.1.17) can be found in [7, §V].

1.1.4 Parabolic Boundary Value Problems with Singu-

larly Perturbed Neumann Boundary Conditions

The time periodic reaction-diffusion equation considered in [2] is

ou  J%u
g |OU 07U _ _
£ [{% 8x2] + f(z,t,u,e) =0 for (z,t) € (—1,1) x R, (1.1.22a)
ou ou
— = ul(¢ —|  =uP(t) forteR 1.1.22b
Gl =uOw G =u) frreR (12)
u(z,t,e) =u(x,t +T,e) forxze[-1,1],t R, (1.1.22¢)
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where ©®) and f are sufficiently smooth and T-periodic in time, f is non-

linear and 0 < € < g < 1. The solution of (1.1.22) exhibits boundary layers
as the reduced solution does not necessarily meet the boundary conditions.
In [2], Butuzov et al. carry out asymptotic analysis and give the necessary
assumptions for existence of boundary layer functions. These assumptions
include that (1.1.2) and

(i) sf(l,t,up+s,0) >0 for I = —1,1,

hold. This second assumption is required for the existence of boundary layer
functions. A formal asymptotic analysis is carried out which is then modified
to obtain upper and lower solutions to the problem. The main result is
(1.1.21) for (1.1.22).

In [31, Chapter 3] a singularly perturbed time-dependent semilinear reaction-
diffusion problem with homogeneous Neumann boundary conditions is dis-
cussed. Here a corner layer exists and so corner layer functions are considered
and bounds are found for these as well as the initial and boundary layer func-
tions. The stabilised method is again employed due to incorrect computed
solutions with the conventional method. We also refer the reader to another

examples of singularly perturbed Neumann boundary conditions in [12].
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1.2 Outline of Thesis and Significance of Work

The purpose of this study is to obtain numerical results for three problems;
interior layer solutions of a singularly perturbed elliptic equation with Dirich-
let boundary conditions and singularly perturbed reaction-diffusion equations
with singularly perturbed Neumann boundary conditions in two cases; the
time-dependent case and the two-dimensional steady state case. The the-
sis has three chapters of analysis followed by a chapter of numerical results.
Finally an appendix is included.

In Chapter 2, the largest and most significant chapter, we consider interior
layer solutions of (1.0.1). We prove existence and accuracy bounds for discrete
solutions of this problem. Under review of the literature there has been no
satisfactory numerical analysis of a problem of this type found. The one-
dimensional case has been considered by Kopteva and Stynes [18], as discussed
in §1.1.3, and we extend this to two dimensions. An extension of this approach
to two dimensions is not straightforward and we have to address a number
of technical difficulties. We take a second order asymptotic expansion, as
was the case in one dimension, but now also have to introduce curvilinear
coordinates, and hence include curvature terms. We consider each region of
the discrete system separately following ideas considered by Kopteva [14] in
the simpler setting of a two-dimensional boundary layer problem. With the
complexity of the interior layer problem this is a non-trivial task.

Notably, there are two areas of the extension that become particularly
technical; finding the equations for the layer functions and order of the system
and calculating the truncation error.

Equations for the interior layer functions are much more complex than in
the one-dimensional case. We introduce curvilinear coordinates in the layer
region and hence have curvature terms in the right hand sides of the layer

equations. In order to obtain bounds for the layer functions and their deriva-

23



INTRODUCTION

tives, we have to calculate higher order derivatives of the layer equations,
some needing derivatives up to and including sixth order; this entails many
more calculations with many more terms than previously needed in [14] or
[18].

The truncation error analysis in this case becomes substantially more
difficult than either of the papers mentioned above. We consider a second
order asymptotic expansion, as mentioned, and the upper and lower solutions
contain functions that are discontinuous across the transition curve and in-
volve many terms. In the layer region we use the finite difference method in
curvilinear coordinates which gives further terms that need to be carefully
considered. All of this leads to a highly technical and complex analysis and
hence the truncation error analysis is broken down to simpler settings to assist
with the complexity of this problem.

The chapter is organised as follows. We will first make certain local as-
sumptions that are required for the existence of interior layer solutions to
such a problem and the restrictive global condition b, (z,u) > 0 will not be
enforced. The analysis here will be considered using the order one location of
the transition curve allowing placement of a non-uniform mesh with relative
ease; asymptotic analysis of the problem using the exact location of the tran-
sition curve has been done by [24]. Upper and lower solutions and the theory
of Z-fields will be employed to prove existence and obtain accuracy results for
a computed solution. Due to incorrect computed solutions on the standard
discretisation we will consider the stabilised method of [16] for this problem.
Technical properties of the asymptotic expansion and one-dimensional ana-
logues of the truncation error analysis are deferred to the final section of the
chapter. We also include a nomenclature for this chapter at the end of the
thesis due to the extensive list of notation required for it.

In Chapter 3 we look at a time-dependent one-dimensional reaction-diffusion

equation with singularly perturbed Neumann boundary conditions. We con-
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sider [2] for assumptions that are necessary for existence of a boundary layer
solution, and aim to prove existence and find accuracy results for the com-
puted solution. From review of the literature no numerical analysis of such a
problem was found. To carry out the analysis upper and lower solutions will
be employed as well as the theory of Z-fields as in Chapter 2. Solutions with
boundary and initial layers will be considered and the existence of corner
layer solutions will be discussed.

In Chapter 4 a two-dimensional steady state reaction-diffusion equation
with singularly perturbed Neumann boundary conditions will be considered.
Problems of this type involving boundary layer solutions will be the topic of
the chapter. Using similar methods to Chapter 2 and Chapter 3 we aim to
prove existence and accuracy bounds for the problem.

In Chapter 5 we will describe the implementation of the discretisation
and the method for obtaining error bounds and computational rates. We will
include numerical results for Chapter 2 and Chapter 3. Error bounds and
computational rates will be given for the standard and stabilised method and
compared with the theoretical results for Chapter 3.

An appendix is included at the end including phase plane analysis for

Chapter 2 and auxiliary proofs.
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1.2.1 Chapter Referencing and Notation

Throughout this thesis there are a number of notational conventions that
we follow. Crucial assumptions that hold true throughout each chapter are
denoted (A1), (A2), etc, in Chapter 2, (B1), (B2), etc, in Chapter 3 and
(C1), (C2), etc, in Chapter 4.

Let C' be a generic positive constant that may take different values in
different formulae. A subscripted C' (e.g., C1), is a positive fixed constant
that is independent of € and of the mesh. We define 6 such that 6 € (0, 1).
The notation (a, b]’ is defined as (a, b] when a < b and (b, a] when b < a.

For any function v € C(Q), vy refers to v(z;;), where x;; € Q are mesh
nodes. We use v(x), with no subscript, as an arbitrary function that is used in
different contexts. The notation f = O(z) means |f| < Cz for some positive
constant C'. Finally when a normal to a curve or domain is considered it is

assumed that it is the outward normal.
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Chapter 2

Singularly Perturbed Nonlinear
Elliptic Problem Exhibiting
Interior Layer Solutions

In this section, we look at interior layer solutions of a singularly perturbed

nonlinear elliptic reaction-diffusion problem
Fu(z) = —’Au+b(r,u) =0 for x = (x1,75) € 2 C R?, (2.0.1a)

u(z) = g(x) for z = (x1,x2) € 09, (2.0.1b)

where ¢ is a small parameter, b(x,u) is a nonlinear function, g(z) is a given
boundary condition and A = §?/9x% +0?/9dz%. We denote 2 to be a bounded
two-dimensional domain with sufficiently smooth boundary 0€2. The func-
tions b(z,u) and g(x) are sufficiently smooth. We are looking for solutions of
this problem that exhibit interior layers. The reduced problem is found by
formally setting ¢ = 0 in (2.0.1);

b(z,p(z)) =0, forx = (z1,79) € 2 C R (2.0.2)
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u(z) = g(x) for z = (x1,22) € 09, (2.0.3)

The outline of the chapter is as follows. In §2.1 we give an analysis
of the numerical difficulties involved in solving (2.0.1). In §2.2 necessary
assumptions are made for existence of an interior layer solution. We then
present the main result of the chapter in §2.3. In §2.4 we consider asymptotic
analysis and create upper and lower solutions for the system. A discretisation
of the system is given in §2.5 and discrete upper and lower solutions are found
as well as accuracy bounds for the system. A technical section, §2.7, is also
included at the end of the chapter with phase plane analysis and truncation
error analysis that are necessary but not central to our argument. As there
is a substantial amount of notation contained in this chapter, an index of

notation is included at the end of the thesis to assist the reader.

2.1 Numerical Difficulties of the Problem

We now show the challenges involved in solving equations of this type. We
consider (2.0.1) with

b(x,u) = (u— p)u(u+ 1), (2.1.1a)
where
wp(z) = 1.5 — pb?;gi)—l and pp(z) = (6615)2 + ((Z)Q, (2.1.1b)

and the boundary condition,

u(z) =—1, z €. (2.1.1¢)

28
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We solve this on the domain 2 whose boundary, 0f2, is represented by z; =
Rsinf and x5 = 1.5R cos § with

cos?(1)

0=0(1) =1+e"2sin(l/2)sinl, 1€[0,2n].
(2.1.2)

This problem has two solutions; the trivial solution u(z) ~ —1 and an interior

layer solution. To solve this problem we use lumped mass finite elements
on a quasiuniform Delaunay triangulation with Newton’s method. A full
description of the method used will be given in Chapter 5, however we show

some results to illustrate the difficulty of such a problem here.

(a) Incorrect solution 0b- (b) Incorrect solution ob- (c) Incorrect solution ob-
tained using an initial guess tained using an initial guess tained using an initial guess
of £ + a2 — 1. of =1 —x7. of 1.

Figure 2.1: Incorrect solutions found using the conventional method with
e =1073. See §5.1 for larger images of the solutions.

Using initial guesses u(z) = z3 + 23 — 1, u(z) = —1 — z; and u(z) = 1
results in the three different solutions shown in Figure 2.1. Figure 2.1a and
Figure 2.1b may be considered unreasonable enough to not warrant further
investigation. However, Figure 2.1c appears to be a plausible solution to the
system. This is a boundary layer solution. Without doing asymptotic analysis
on this problem one could easily, and wrongly, assume this to be a correct
solution to (2.0.1) with (2.1.1). We again refer the reader to Chapter 5 where
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asymptotic analysis is carried out showing there is no boundary layer solution
to (2.0.1) with (2.1.1) and hence Figure 2.1c is also an incorrect solution.
As will be demonstrated in §2.2, an interior layer solution will have a jump
in its solution occurring along a smooth closed curve in Q\0€2. None of the
above graphs have this property. Also from §2.2, we can say the solution will
switch from u &~ —1 in the exterior of the domain to u &~ ¢,(x) in the interior.

The correct solution is represented in Figure 2.2.

) -0.5 -0.5

1

Figure 2.2: The correct solution of (2.0.1) with (2.1.1) using the stabilised
method of §2.1.1 with the scheme described in Chapter 5 and initial guess of
1. Other initial guesses give the trivial solution u(x) = —1 for all x € Q.
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In the one-dimensional case, [18], incorrect computed solutions are also
found. The following system is considered
92

—528—;;+u(u— D(u—2—3/2)(u+z+3/2) =0 forze(0,1), (2.1.3a)

with boundary conditions
uw(0) =0, wu(l)=2.5. (2.1.3b)

Three interior layer solutions are found by using three different initial guesses
on an appropriate finite difference scheme with a uniform mesh. The solutions
are shown in Figure 2.3. By asymptotic analysis the order one location of the
jump in the solution is found to be T, and as this does not match up with
the layer location of two of the computed solutions in Figure 2.3 these are

found to be incorrect. The correct solution is represented by the central red
dashed line.

Figure 2.3: Incorrect computed solutions for the one-dimensional problem
(2.1.3) of [18]. Three different initial conditions giving three different answers.
All three appear to be correct.
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In both one dimension and two dimensions, if € is small, in particular, if
€ < N~1 then the discretisation of the Laplacian on an equidistant mesh,
or on the coarse part of a non uniform mesh, is O(¢*N?) and hence the
contribution from this term is negligible. Without these terms the system
is left to solve the reduced problem, b(z,u(z)) = 0, and hence can give
incorrect computed solutions. A worrying factor from this analysis is that
some solutions appear to be correct if further analysis has not been carried
out, i.e., the two incorrect solutions in the one-dimensional case in Figure 2.3
and the boundary layer solution in the two-dimensional problem represented
in Figure 2.1.

To deal with this numerical instability we propose a stabilised method in
§2.1.1 based on [18]. This gives solutions of the correct type that are not

strongly dependent on the initial guess.

2.1.1 Standard and Stabilised Numerical Schemes

Due to the incorrect computed solutions obtained using conventional methods
we employ a stabilised method of [16]. This stabilised method is obtained by
replacing ¢ in the numerical scheme with a new parameter £(z). This new
parameter is picked up outside the layer region. It will artificially strengthen
the diffusion term of the system where it is needed, i.e., away from the interior
layer and in the case of a layer adapted mesh where the mesh is coarse. This
stabilised scheme is presented in [16] for a time-dependent parabolic problem
and in [18, 19] for the one-dimensional interior layer problem. We extend this
to two dimensions.

We define the discrete stabilised problem with solution U, for the set of
all mesh nodes, X; € (0, as

ﬁﬁij = —éZ(Xl)ANU,L + b(Xl, Ul) = 0, Xz e C Rz, (214&)
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U, =g(X,), XieoQ, (2.1.4b)
where £ (X;) will be described in §2.5.2 and A is the discrete representation

of the two-dimensional Laplacian operator.

2.2 Hypotheses for the Continuous Problem

In this section we describe a number of hypotheses that intrinsically arise
with the interior layer problem. These are given as follows.

The reduced problem, (2.0.2), has three simple roots ¢ = @i (z) € C>*(Q)
for k =0,1,2,

bz, pp(z)) =0 for k=0,1,2 and = = (z1,2,) € Q, (A1)

where

01(x) < @o(x) < @o(x)  for z = (xq1,29) € Q, (A2)

and there are no other solutions between ¢;(x) and ¢s(x).

Assume that

bu(z, pp(z) >72 >0 for k=1,2 and z = (z,22) € Q, (A3)

by(z,00(z)) <0 for = (xq1,29) € QA (A4)

Assumptions (A1)-(A4) describe a bistable equation. Assumptions (A3) and
(A4) state that ¢1(x) and po(z) are stable solutions to the reduced problem
while ¢o(z) is an unstable solution. From this it can be seen that on some
subdomain of €2, the solution of the full problem (2.0.1) will be very close to
¢1(x), on another it will be very close to @o(x), while it will not be close to

@o(x) on any subdomain.
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We denote I' is the transition curve along which

u(2)|zer = ¢o()|zer + O(e). (2.2.1)

This relationship is discussed further in Remark 2.4.1. The curve I' is a
smooth closed curve inside €2 and is not known in advance. It can be rep-
resented by an asymptotic expansion in ¢, with leading order term I'y. The
use of this definition of the transition curve is extremely beneficial to us. For
the method we only require the order one location of the transition curve to
be known. We will centre a layer adapted mesh around this location. For er-
ror analysis we will consider the asymptotic expansion including higher order

terms, see (2.4.21) and Lemma 2.4.5. Consider the function

2(2)
I(z) = /¢ b(z,v)dv. (2.2.2)
e1(z)
Assume
Z(z) =0 for x = (x1,29) € Iy, (Aba)

defines a smooth closed curve, I'y, in €2.

Also assume
0<C*"<0,Z(x), forx=(x1,25) €Ty, (A5b)

where 0, is the outward normal derivative to the curve I'y and C* is a positive
constant.

Condition (A5b) states 0,Z(x) is bounded away from zero. This means
the root found in condition (Aba) is simple, as the derivative of the integral
does not equal zero. The positive sign of the derivative corresponds to the
Lyapunov stability of an interior layer solution of the time-dependent prob-

lem. This states the solution switches from ¢;(z) near 0 to po(z) in the
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centre of 2. A negative derivative implies the switch would be from ¢ ()
near OS2 to o1(z) in the centre.

In Lemma 2.4.5 we will require 0,1(z) # 0 so that higher order terms
in the asymptotic expansion of ' can be found, see (2.4.66). Furthermore in
Lemma 2.4.5 we will require 9,7 (z) > 0 so that we can prove necessary results
needed for existence of upper and lower solutions, see (2.4.76). Assumption
(Ab) is made in other literature on interior layer solutions, i.e., [40], [7] and
[8] and for a reaction-advection-diffusion equation see [26]. It has also been
made in [18] and [24], as discussed in §1.1.3; we note an inward unit normal
was used in these hence the sign of 0,,I(x) is switched.

In Nefedov [24] the full asymptotic expansion of the transition curve is
used. The curve I' is unknown a priori and dependent on €. The order one
location of this curve can be found a priori while higher order terms are very
difficult to evaluate. To obtain accuracy results and use a non uniform mesh
we cannot use the true location of the curve nor the full asymptotic location
I' as we cannot centre a non-uniform mesh around an unknown location. For
this reason we consider the order one location I'y in the following work.

Along with hypotheses (A1)-(A5), one further assumption is made to sim-
plify the presentation,

o1(x) =g(x), Api(x) =0 forz = (r1,22) € ON. (A6)

It is not in general true that any of the reduced solutions will match the
boundary condition but for the sake of this analysis we assume (A6) to avoid
solutions involving boundary layers and focus on those involving interior lay-
ers only. The first condition implies ug(z) = g(z) for z € 0€2. The second
condition comes from putting the reduced solution back into (2.0.1) and en-
suring the O(g?) terms match. For a problem involving boundary layers as

well as interior layers this work can be combined with the two-dimensional
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boundary layer problem by Kopteva [14].

pa(z)

e1(z)

Figure 2.4: Sketch of a cross section of a solution to the two-dimensional
problem.

Assumptions (A1)-(A6) imply there exists a solution lying in the neigh-
bourhood of ¢;(x) on the outer part of the domain. This solution rapidly
switches to po(z) along the curve I'y resulting in an interior layer of width
O(e|Ine|). Figure 2.4 represents a cross section through the expected solution
of the two-dimensional problem.

We consider problems where ¢ is small, i.e.,
e<CN, (2.2.3)

where C' is an arbitrary fixed constant. If € was not small the analysis of this

problem would be very different.
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2.3 Existence and Accuracy of Discrete Solu-

tions; Main Results

We now give the main results of the chapter. Considering the discretisation of
the system (2.0.1) that will be given by the discrete systems (2.5.13), (2.5.80)
and (2.5.102), the stabilised method of §2.5.2, and the Shishkin mesh of §2.5.1,
the following theorems hold.

Theorem 2.3.1. Let the mesh {r;,l;} be the Shishkin mesh of §2.5.1. Set
C" = 4C,; /5. Let N be sufficiently large and € sufficiently small. For some
w € [0,2] we assume coe = (C'N~'In N)?*=,

(i) If C; > 2, then there is a discrete solution U of (2.5.13), (2.5.80),
(2.5.102) such that for N sufficiently large,

U(X;) —u(Xi)| < C

Nfll N27w XiGQ—TT
{( n )T for (=77) (2.3.1)

N2 for X; € QN\Q(r.1).-

(i) If C. > 3, then there is a discrete solution U of (2.5.13), (2.5.80),
(2.5.102) with ¢ replaced by £(X;) from (2.5.6) such that for N suffi-

ciently large,

-1 - _1 '
0(X) — (x| <] O NTEANT Jor X € Qr
N~ for X; € ON\Q_;.1).

(2.3.2)

The next theorem considers the case where the relationship between N

and ¢ is stronger than (2.2.3), that is, ¢ < CN~% for some @’ >4 — \.
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Theorem 2.3.2. Let the mesh {r;,1;} be the Shishkin mesh of §2.5.1. Fix
A€ (0,1). Assume that e < CN~ for some @' >4 — X and C > 0, and N
1s sufficiently large independently of €.

(i) If C. > 2, then there exists a solution U of the standard scheme (2.5.13),
(2.5.80), (2.5.102) such that

U(X;) —u(X,)] < ON~mn2=' 2L < ON-CN for X; € OV Uy,
(2.3.3)

(i) If C. > 1, then there exists a solution U of the stabilised scheme
(2.5.13), (2.5.80), (2.5.102) such that

A

U(X;) —u(X)| <CN™' for X; € OV UT ... (2.3.4)

Theorem 2.3.1 and Theorem 2.3.2 state that the convergence rate is de-
pendent on the relative sizes of € and N. In practice, for a particular €, N is
chosen such that w and @’ are minimised and the best possible convergence
rate is obtained.

As Theorem 2.3.1 and Theorem 2.3.2 do not give e-uniform accuracy in
the entire domain, post-processing is used to obtain this for small values of
g, i.e., € € (0,&) with £ := ON~2In* N for some positive constant N. The

post-processed solution is defined as {@)¥ }. Remark 2.5.7 gives the results
iy —u(X;)| <CN?In*N VX, €QV, (2.3.5)

for the standard method and

[ —u(X;)] < Cmax{N2In* N,N"'} VX, Q" (2.3.6)

)

for the stabilised method.
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The results of Theorem 2.3.1, Theorem 2.3.2 and from post processing are
consistent with the one-dimensional case by Kopteva and Stynes [18]. Away

from the layer region the results for the standard method are also consistent
with [14].

2.4 Analysis of the method

2.4.1 Local Curvilinear Coordinates

We create local curvilinear coordinates in the interior layer, i.e., the region

near ['g, by the following procedure. Parameterise I'y by
r1=q(l), zo=¢(), 0<I<L, (2.4.1)

with (¢1(0),¢2(0)) = (q1(L), q2(L)) and [ increasing in the anticlockwise di-

rection. We have

i i

r=1(0) = o + ¢, x=n(l) = TEEL (2.4.2)

where T is the magnitude of the tangent vector (q;(l), ¢5(1)), with T > 0 and
Kk is the curvature of I'y at (¢1(1), g2(1)). In a narrow strip near the curve I'y

introduce curvilinear local coordinates (r,[) by

r1=q () +rni(l), x2=q(l)+ rny(l), (2.4.3)

where 7 is the signed distance between a point and the curve I'y along the out-
ward unit normal vector n = n(l) to Iy at the point on the curve represented
by (q1(1), g2(1)). It is orthogonal to the tangent vector (¢;(1), g5(1)),

/ /

n = (niy,ns) with nlzq—; and ng = ;]1. (2.4.4)
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On Ty, z(r,1) = (1 (1), g2(1)), i.e., = 0 on T.

The coordinates z(r,[) are only well defined in the narrow region around
the smooth curve ['g; r is not well defined outside of this region. We define
a sufficiently small positive parameter c¢;, which depends on the curvature of

I'y and €, such that in the subdomain
Qcye = {2(r 1)« 1] <l (2.4.5)

the coordinates (r,l) are well defined. We will later, in §2.5.1, say that
c1 2> Celn N =7 where 27 is the width of the fine portion of the mesh
around the curve I'y. The normal vectors from different points of I'y do not
intersect and x(r,[) is well defined as (z1,x2) and (r, 1) correspond one to one

and are invertible.

Lemma 2.4.1. The curvilinear coordinates (2.4.3) are orthogonal and for the

Laplace operator we have

19) ou 0 ou
Au = nt — (== 2.4.
“”e%@&)“m@m) (2.4.6)

where
n(r,1) :=1+rr, ((r1):= ()" (2.4.7)

Proof. This follows from [14, Lemma 2.1] and the proof is included in Ap-

pendix A.3 for completeness. n

2.4.2 Regions

The curve T’y splits €2 into two open regions, we denote the external region

as QW and the internal region as ®). This is represented in Figure 2.5. In

40



ELLIPTIC PROBLEM EXHIBITING INTERIOR LAYER SOLUTIONS

QW the order one solution is uy(x) = ¢1(x) while in Q) it is ug(z) = o(z).
We note that Q = QM UQ®.

Figure 2.5: Regions of Q showing QM , Q@) and the curve Ty.

The smooth component ug(z) + %uz(z) includes

’ c Q)
() = wilr), @ v ¢ Ty, (2.4.8)
(), € Q®
which implies
AUO
ug(z) := ————, x ¢ 1T, (2.4.9)

We have
Flug + e%uy) = O(e*)  Vx ¢ Iy. (2.4.10)

The proof of this is included in Lemma 2.7.1.
We will use the notation Q) := {x(r,1) : a <r < b} to denote subdo-
mains of 2 where the boundary of the subdomain is included when square

brackets are used, i.e., in Q_, ] of (2.4.5). These two subdomains are then
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divided again; the inner region and the outer region of Q) are defined as
Qo,er) i= {x(r,l) €cQ:0<r< 01}, QW .= QN\Q.er), (2.4.11)
respectively and the inner and outer region of Q?) are defined as

Qer0) = {x(r, NeQ:—c<r< 0}, 0@ .= QNQ o),  (2.4.12)

respectively. We note that Q_c, ;] = Q0,¢,) U Q(—¢,,0) and includes the curve
['y. Notation for the outer regions combined is Q= QW UO®. Note this

can also be written as Q) = Q\Q[_chcl] and we may switch between notation

depending on the context. These regions are represented in Figure 2.6.

o002

Figure 2.6: Regions of Q) showing the interior layer region, the outer regions
and the transition curve.
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We now denote I'y := {x(r,1) : » = a}. The boundaries of Q_,, ., is now
I'_., and I';,. This notation follows that of the transition curve I'y, i.e., where
Lo ={x(r,l):r=0}.

It will be convenient to introduce the notation z as x(r,1) near I'y as

7= 3(r,0) = 2(0%7,0) = lima(p.l), >0, (2.4.13)
p—0t
x(0,1), r=
and also define
zo := x(0,1). (2.4.14)

This notation will be useful for functions that are discontinuous across the
curve ['g. If a suitable function v(z) is discontinuous across I'y then we have
v(z(r,1)) = v(xz(07,1)) for r < 0 and v(z(r,1)) = v(x(0*,1)) for r > 0. For
example, uo(Z(r,l)) = ¢1(x) for r > 0 and wuo(z(r,l)) = () for r < 0
while ug(x(0,1)) is not defined. If the function v(x) is continuous on I'y then
v(2(0,1)) = v(x(0,1)) and this notation is not necessary.

To deal with the jump across I'y we define I'j as the interior side of the
curve I'g where r < 0 and I'{" as the exterior side of the curve I'y where r > 0.
If r > 0 then Z(r,[) is the nearest point on I'§ to I'y. The curve 'y describes
the region in which x approaches I'y in Q).

A more precise approximation of the transition curve I' is
D= {(a(),@2()) + [eta(D) + (1) + .. In(l) - L€ [0, L]} (24.15)

This curve T'y, found in (Aba), is the leading order term of this asymptotic
expansion in ¢ of I and is described by (qi1(1),¢2(l)). Distance is added to
the curve Ty by [et1(l) + £%t2(1) + ...]n(l) where n(l) points in the outward
normal direction. Variables t1(l) and ¢5(/) will be defined in Lemma 2.4.5.
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Remark 2.4.1. We pause to discuss I'g and its relationship with uo(z) and
@o(z). The solution ug(x) changes rapidly between I and 'y due to the steep-
ness of the interior layer. We note that ug(z)|r # uo(z)|r,. Also ug(z)|r, #
©o(x)|r, as up(z) is the discontinuous function in (2.4.8). Taking a Taylor
expansion of ¢(z)|r about ¢ = 0 we have ¢o(z)|r = @o(2)|r, + et105(x)|r,
where ¢ (z)|r, is bounded and et;p)(z)|r, = O(e). Using this we can trans-

form u(z)[r = po(2)|r + O(e) into u(x)|r, = wo(2)lr, + O(e).

2.4.3 Asymptotic Expansion

First we set up the full order one solution in the interior layer region, V4(&, 1),
and then modify this to find the purely interior layer part, vo(&, ).
We define the stretched variable

€ :=r/e. (2.4.16)

Recalling (2.4.14), the order one term V;(&, 1) of the asymptotic expansion is

now the autonomous differential equation

9*Vy _
- + b(Zy, Vo) =0 for £ € R, (2.4.17a)
0&2
Vo(0o,1) = p1(Zo),  Vo(—o00,1) = ¢a(Zp). (2.4.17D)

Due to the jump in the solution occurring only in the r direction, we rescale
only in this direction. Therefore the second derivative in the [ direction is
not present at first order. This solution is not unique as V5 (€ + C|1) is also a

solution for any constant C'. For a specific solution we let

A

15(0,1) = o(z0)- (2.4.18)

44



ELLIPTIC PROBLEM EXHIBITING INTERIOR LAYER SOLUTIONS

Recall (2.2.1), as Iy is O(e) away from I" and ¢g(z) is smooth we have

u(x)|$€F ~ uas(x)|:n€F - QOO(x)’xEFO + O(5> (2419>

Taking the leading order terms of this equation we get (2.4.18). The interior
layer is described by V(€ — t1(1) — eto(l) — ..., 1) where t,(1) and t,(I) from
(2.4.15) are described in Lemma 2.4.5. We skip higher order terms and take

the specific solution as

A

Vo(§ —t1,1)  where t1(1) := t1(1) + et2(1). (2.4.20)

To construct upper and lower solutions for problem (2.0.1) we need a per-
turbed version of this; we perturb Vo(f —t1,1) by introducing the small positive
parameter p such that V5(&,1) in (2.4.17) becomes

Vo(&,1:p) == Vol =t +p, 1) (2.4.21)

With slight abuse of notation, throughout this chapter we may write (r,1)
and (&,1) for x(r, 1) and x(&, 1) respectively.
Define 7 as

k=1
z€ly

5= \/mln by (z, o1 (x)). (2.4.22)
Lemma 2.4.2. Let 74 be defined in (2.4.22) and 0 < v < 7 from (A3). For
t1(1) = t1(1) + eto(l) sufficiently smooth and all |p| < p*, there exist unique
monotone solutions Vy(€,1) and Vo(€,1:p) of (2.4.17) that satisfy (2.4.18).

Furthermore, Vo(€,1) and Vy(€,1;p) are in C°(R x [0, L]), and

D) = ?Vo(ﬁ D) >0, x(ELp) = jfvo@,z;pbo, (2.4.23)

for £ € R and 1 € [0, L]. For any arbitrarily small but fived X € (0,7), there
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1s a constant C'y such that
RED +x(ELp) S Ore™ T fore e R, 1€ [0, L), |p| <p*. (2.4.24)
There are constants C' and C" such that for all |p| < p* one has

C'x <Vo—w1(x) <C", for§>0, C'x<@a(2) =V <C", for&<0.
(2.4.25)

Proof. This proof follows that of [19, Lemma 2.1] and is included in Appendix

A.1 for completeness. O

Define the auxiliary function

B(z,s) = b(z,up(z) + ), (2.4.26)
: . 0B
for some function s(z), note B(z,0) = 0. Recalling (A2) and as o = 0
r
s=0
for all = ¢ Iy, we have
J0"B = 2
5 < Cls|  forz € O\I'y, m=0,1,2, s € R, (2.4.27)
/r-m

Note that expanding (A.1) and rescaling r, for an arbitrary function v(x) we
have
0? ov ov

2 _gv i 2Q —_—
e*Av = 8£2+658£+€C81 <C8l>' (2.4.28)

The asymptotic expansion of the solution with z = (1, x9) is

uas(x;p) = UO(:I;) + 82“2(‘@) + [U0(§7 lap) + 62}1(5’ lyp) + 52@2(57 l,p)]ﬁ(l’),
(2.4.20)
where © = (z1,23) and ¥(z) is a smooth positive cut-off function. Although

vy + v + €2vy are negligible outside the layer region, they do not equal
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zero there. As x(r,1), and its stretched coordinates x(&,1), only exist in the
neighbourhood of I'y these terms must vanish away from I'y. We do this by
including the function ¥(z), which is a smooth positive cut-off function that
takes values in [0, 1]. The function ¥(z) equals 1 when |r| < § and vanishes

in Q\Q(_¢, c;). This is represented in Figure 2.7.

Hx) =1

C1 &1
—C —_—— 0 —_— C1

2 2
Figure 2.7: Sketch of 9(x).

We now define the interior layer functions, vo(&, I; p), v1(&, [; p) and v9(&, 1; p),
from (2.4.29). The function vy(,; p) is defined as

(&, 55 p) = Vo(&, 15 p) — uo(@). (2.4.30)

This is the order one interior layer function and is the solution of

82'110 _
~ 5 + B(z,v) =0, (2.4.31a)
U0(0i7 l) = %(Oa lup) - UO(Oiu l)7 UO(:l:OO, l) = 0? (2431b>

We linearise the operator in (2.4.31a) about ug + vy and define the differ-
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ential operator L, in the variable &, as

v 0B

Le[v()] = ~ae2 Vs (2.4.32)

$=v0,L=T

This is an important operator in the analysis.
Recalling B := B(z, s) from (2.4.26), the O(¢) boundary layer function,
'Ul(g? l) = Ul(gv l7p> is given by

Le[vi] = (8, 1), (2.4.33a)
v1(0,1) = vy (Fo0,1) =0, (2.4.33b)

where 5 .
Yi(&,1) = “azo &5 E (2.4.33c)

where the first term in ¢ (in blue) comes from the Laplace operator in
curvilinear coordinates in (2.4.28). For the O(g?) boundary layer function,
'02(67 l) = U2(£7 l7p>7 we have

Eﬁ [UQ] = ¢2(§7 l)a U2(07 l) = UZ(:l:OO7 l) = 07 (2434&)
where
L 81}1 0 81}0
e =nt o ()
(g0n B 0B
2 Or? "ords T 2 9s? R (2.4.34b)
88 8§=V0,L=T
- UQ(:Z,)% s=0,z=T

The first two terms of ¢, (in blue) again come from (2.4.28). The full
calculation of (2.4.31), (2.4.33) and (2.4.34) is included in §2.7.1. The purely
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A uo(x) A Vo(&. 1) vo(&,1)

2 () #a(2) Vj

e1(z) ©1(x) xr
— %_ Vo — ¢2

X
(a) Sketchoof uo(z). (b) Sketch (O)f Vo(&, D). (c) Sketch of vo(&,1).

>

Y
Y

Figure 2.8: Cross sectional sketch of solutions ug(x), Vo(&,1) and vo(€,1)
near ITg.

interior layer component of ugs(x; p) is v + vy + £%vy. Figure 2.8 illustrates

ug, Vo and vg. The functions vy and vy are discontinuous at & = 0 but ug + vy

and uy + v are continuous at this point, therefore u,s(x; p) is continuous.
In considering v, and v, across the transition layer we set up the following

functional for any suitable function v(x),

ov

p— 67
r=0-,1 or

o
o

_
0¢

ov

Dlo()] =5 (2.4.35)

r=0+1 £=0—,1 =0+

Remark 2.4.2. Although vo(, 1) is discontinuous across I'y, its derivatives are
continuous and so ®[vy] = ®[V;] = 0. Recalling (2.4.30), the function vy(¢, 1)
is Vy(&, 1) separated on I'y by subtracting ug(z) therefore the derivatives match

across the jump giving ®[vg] = ®[Vp] = 0.

Note v; and vy are special cases of
Le(v(€ D) =€) for € Q\Ty, (2.4.36a)

v(0%,1) = vz (l), v(doo,l)=0. (2.4.36D)
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Lemma 2.4.3. Let |(&,1)| < C(1+€]F)x(&,1). Then there exists a solution
v(&,1) of the problem (2.4.36), which satisfies |v(&,1)| < C(1+ |E[F)x(&,1)

and

ov ov
o= o £=0- 1 - 3 g=o+z’
A o (2.4.37)
-7 (— [ wte. Dt vde + 1 @) - i @) 5 5) .

Furthermore, if ¥(&,1) > 0 and v=(1) = 0, then v(€,1) > 0 for all € and .

Proof. The proof follows [19, Lemma 2.2].
Taking the derivative with respect to £ of (2.4.17a) gives
0%y

8752 - (f) Z)Bs(ga l7U0) = 0. <2438)

Multiplying (2.4.36) by x(&,1) we have

0

gz T XEDV(EDBL(E L o) = (& DulE, D). (2.4.39)

_X(éa l)

Using (2.4.38), (2.4.39) can be written as

2 <x2<§, o (:(é 2)) S XEDRED.  (2440)

Integrating once and using v(oo, ) = 0 from (2.4.36b), (2.4.40) becomes,

0 (V(&l)

i3 x(f,l)) R (5’”[5 X(& D)ep(t, Dt for & > 0. (2.4.41)
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Integrating a second time gives the solution for v(&,1) for £ > 0 as

— ¢ -2 o V(O+7l)
v(&1) = X/O X (ml)/T7 P(t, D)x(t, [)dtdn + Y00 x(& 1) for &>0.
(2.4.42)
Similarly we find
0 0,1
&) =x [ 3 20 [ ottt atdn-+ “ D) or € <o

(2.4.43)
If (&1) > 0 and v=(l) > 0 then (2.4.42) and (2.4.43) are both positive,
giving v(£,1) = 0 for all £ and [.
To prove (2.4.37) we consider (2.4.41) and use the quotient rule to get
Jv

ox [
FRGURE AGUR é X(EDe(t Dt for € > 0. (2.4.44)

Letting & go to zero and rearranging terms we have

v
¢

1 oo »
eor X(01) (/0 x(t Dt Dt + v (1) 52

) . (2.4.45)
£€=0

For £ < 0 we have an equation similar to (2.4.41), with altered limits of

integration, and we get a similar result,

av
o¢

_ 1 0 oy
o X0 (_ /_OO X (&, D (t, Ddt + vy (1) o

) . (2.4.46)
£=0

Finally subtracting (2.4.45) from (2.4.46) gives (2.4.37).
To prove |v(&,1)| < C(1 + [€]FF1)x(&,1) we take the case where & < 0.
As x < Cuvg by (2.4.25) and (2.4.30) we can write C'x?dt < wvodvy which

can be rewritten as y?dt < Z—quvg. Using [¢(&,1)] < C(1+ |€[F)x(&,1) gives
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Yt D)x(t, )dt < C(1+ |£|%)dv3. Integrating by parts gives

[ voxd] <Caim+n) - € lim v+ l0F)

. (2.4.47)
- C/ |t 2 (t)dt.

As the second and third terms on the right hand side of (2.4.47) are negative
and by (2.4.25) we can say

‘/_noow(tal)x(t,l)dt <OX*(1+ "), (2.4.48)

and putting this information into (2.4.43) gives the desired result.
O

So far no assumption on the higher order terms for the true location of
the transition curve have been made, i.e., the terms t;(l) and t3(1). In the
following two lemmas we prove existence of the solutions vg(&, 15 p), v1(&,1; p)
and v,(&, [;p) and find bounds for these. The order of the system, as well as

existence of ¢;(l) and t5(l), i.e., the curves I'; and I'y, are then proven.

Lemma 2.4.4. For t,(l) and t5(l), independent of &, there exists solutions
vo(&, 15 p), v1(&,L;p) and va(&,1; p) of problems (2.4.31), (2.4.33) and (2.4.34).
The function vy(&,1) = vo(&,l; p) satisfies

(sgn&)-vo(§,1) >0 and |ve(&, )] < C"x(&1) VE€R\{0} andl € [0, L].

(2.4.49)
Furthermore, if [t1(1)|+|t2(1)| < C and p < p*, for any arbitrarily fived, small
constant \ € (0,7) there exists a constant C such that

! !
ak:-i-mvj ak +m

DErDIm

V2

DEV I

< Cre O-NIEL (2.4.50)
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for j=0,1,k=0,...,6, mn=0,...,4 where k+m <6 and ¥’ =0,1,2 and
m' =0,1,2 with ¥ +m' < 2.

Proof. This follows from the one-dimensional case found in [18, Lemma 6.2]
with further detail in [19, Lemma 2.3].

Existence of the solution vy(&, ) is found using Lemma 2.4.2 with (2.4.30).
Equations for v;(€,1) and ve(€,1), (2.4.33) and (2.4.34), are of type (2.4.36)
and the existence of a solution is found by applying Lemma 2.4.3 to these
problems. The first inequality in (2.4.49) is found using (2.4.30),

(s )0 (E.1) = {W’ =¥ ifr<d (2.451)
Vo —¢1(r, 1) if r > 0.

As Vo(&,1) > ¢1(x) when £ > 0 and V5(§,1) < @a(x) when £ < 0 we get
(sgn&)vg(&,1) > 0. The second inequality in (2.4.49) again uses (2.4.30), now
with (2.4.25).

We are left to prove (2.4.50). Using bounds obtained in Lemma 2.4.3

k
and (2.4.24), 9 v < Che OV for k= 0,1. As v,(&,1) and vy(&,1) are

gk
of type (2.4.36) we can use Lemma 2.4.3 for the case when k£ = 0. Using

(2.4.27) we can estimate the right hand sides of the equations and see that
P&, D) < C(1+|€]F)x(€) holds. As ) is arbitrarily small and C) is a generic
positive constant, then Cy(1 + [¢[F*1)e=O=NIEl < C\e= (=Nl and therefore,

k
61)]‘

ek

< CO\(1+ |§|k+1)€—(”’/—k)\§| < Che VL (2.4.52)

Equations for the higher order terms of vy, v; and v, with respect to & and
derivatives with respect to [ are again of type (2.4.36) and their right hand
sides can be estimated using (2.4.27) and (2.4.25) giving the required results.

For bounds for derivatives with respect to [ and mixed derivatives we take

derivatives with respect to [ and ¢ of the equations for v; for j = 0,1,2. The
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resulting equations are of type (2.4.36) and so we can apply Lemma 2.4.3
with (2.4.24) and get

ak—l—m,vj

TS Ce= O Iril/e, (2.4.53)

for k =0,....,6, m = 0,...,3 and 5 = 0,1,2. We include higher derivatives
here as the right hand sides of equations for the derivatives with respect to r,
[ and mixed derivatives of (2.4.33a) and (2.4.34a), and later (2.4.86), involve

curvature terms and must be bounded to use Lemma 2.4.3. OJ

Lemma 2.4.5. For the asymptotic expansion uqs(x;p) from (2.4.29) we have
Fug(w;p) = O(®)  forx € Q\ . (2.4.54a)

Furthermore, there exists values of t1(1) and to(1) in (2.4.20), independent of
e and p, positive constants Cy and Cy, and e = £*(p*) such that for alle < *

and 0 < |p| < p* we have
(sgnp) - ®[ugs(z;p)] = Cre|p| — Coe. (2.4.54b)

Proof. This proof follows [18, Lemma 6.3] and [19, Lemma 2.4]. We sketch it
here for completeness. The proof of (2.4.54a) can be found in Lemma 2.7.3.
We take J(x) = 1. The function ®[u.s(z;p)] can be represented as

Dlugs| =€ (aa? — %ﬁl>| o+ e®[v1] + e2®[vy] + O(?). (2.4.55)

This is found by recalling (2.4.35) and (2.4.29) and observing that

. 8@2 _ 8(,01
@[UO] =& <a7‘ &‘)‘ B N (2456)
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and 0
u
Pleuy) = ¢ 077’2

e = 0(g%). (2.4.57)

r=0+

r=0"
We also note ®[Vy] = ®[vg] = 0 as both V) and vy have continuous derivatives

across & = 0.
For ®[v,], we apply (2.4.37) to (2.4.33) and get

1 Ovg 0B
Bloy] = - ( o Cor )X(f’l)dg
X(O, l) / ag 9 T=T,5=v0 (2458)

(01 (07, 1) — v (07, z)]ng

+

R
x(0,1)

where the second term equals zero by (2.4.33b). Now as

B
9B _ o Ouo|  Ob , (2.4.59)
87" T=Z,s=v0 aT r=x,u=Vy 87" = iau r=x,u=Vy
we get
1 o0 81}0 ob (9u0 0b
Bloi] — / -0 = 1)de.
[Ul] X<07 l) -0 ( 85 +€ x::i,u:Vg +£ 87” x:fau x:i,u:Vo) X(g’ ) 6
(2.4.60)
Looking at the third term in this integral we have
o0 8u0 ob
/_Oo 587 ;aiu o x(&,1)d€ =
T=T r=z,u=Vp
0 0 o0 8b
el [ e S ST (& Dde.
or | _. | v eV
=T r=z,u=Vy r=z,u=Vy
(2.4.61)
We consider the integral from £ = —oo to £ = 0 and use integration by parts
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to get,

X de = [ b Voyde ~ feb(e, ][ (2462

rz=x,u=Vy

£=0

Recalling (2.4.26), we have [£b(z, Vo(,1))] ¢

b(x,up(x)) and by (2.0.2) we have b(z, ug(x))
using Ox + b(x, Vo) = 0, giving

%
o 9b 0 9

[ 6ol xEDdE =~ [ (€ e = —x(0,)x(=00,1) = ~x(0,D)

(2.4.63)

A similar argument follows for the integral from 0 to co and gives the solution
x(0,1). Therefore the third term of (2.4.60) is now

o0 8u0
[
Putting this back into (2.4.60) gives
1 c0 8110 ob
@ pu—
=107 /_oo( "o Car
dp1 Opr
" <8T - a,r >|:Ua_3

Recall (2.4.21), we use & = & — t1(1) + p with &1 (1) = t1(1) + £t5(1) so the

above integral now involves Vy(&,1) and {(€,1), i.e., the dependence on p is

=0 as b(z, Vo(—o0,l)) =

We now transform this by

r=x,u=Vy

ob o1
g::j% x(0,01)——

0
X(€ Dt = —x(0,) 2 5

or

r=z,s=Vp

) X(&, 1)d€
" le=ga=vo (2.4.65)

brought outside the functions. Rearranging (2.4.65) we now define C;(l) and
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C]](l) by

Cri(l)
s B0-n [ 5 e (2.4.66)
—(;I(z)
(-5
Here we have

Q@:_[:gu%@f@wﬁzfaﬁ?g“’ (2.4.67)

and from (Abb) we can write this as
Cr(l) = 0,Z(x(r,1)) = Ci > 0, (2.4.68)

and Crr(l) is

00 0 A .~ 0b
Culy = [~ Fu€nde+ [ &5

—00

R(&, 1)dE. (2.4.69)
u=Vo(£,l)

Rewriting (2.4.66) now gives

1

Pl = x(0,1)

([Cri(l) + (t (1) + eto(l) — p)(—=Cr(1)] + (8{;1 - 85?) i
(2.4.70)

Letting ¢, (1) := %’II((;)), which is the O(g?) term for T in (2.4.15), gives

®lon] = 5 () = P)(-CHD)] + (%ﬁl B a@@f;z)

(2.4.71)

=T
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The final term in (2.4.55) to consider is ®[vs]. Applying (2.4.37) to (2.4.34),

the equation for v,, results in

Ovs] = ——— [l Dx(& D, (24.72)

x(0,1) /-

where 15(&,1) is defined in (2.4.34b). Setting p = 0 and t;(I) = (1), i.e.,
eliminating to(l) in (2.4.72), gives Cyrr(1), which is independent of p and e.

Now, the term for vy becomes

1
x(0,1)

Substituting (2.4.71) and (2.4.73) into (2.4.55) gives

o 6(,02 0901
el = (55

(ID[UQ] = [C[[[(l) +O(p+€’t2(l)‘)]. (2473)

+x£wW“@—wk@m»H(%f—%fmﬂ (2474
g? 3
) [Crrr(1) + O(p + elta(D)])] + O(3).
. ‘  Cru(l)
Cancelling terms and choosing t5(1) := 0 gives

. 820111(1) €pC[(l) _ €2C][]<l) _ 62 3
Bluw] = T 0 T 0 w0 el +O0E)
(2.4.75)

and choosing Cy sufficiently large and with further simplification we get

SpO](l)

— Cye®. 2.4.
x(0,0) e (24.76)

Dlugs) =
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From (A5b), Cr(l) = C*. We now choose
]' !/ 1 !
Ch = 50*6’ < 5(]1([)(], (2.4.77)

so that (SZ)CI(Z) > 2¢C and hence we obtain (2.4.54b). O
XY,

Lemma 2.4.6. Let ¢y be the small positive constant from §2.4.1 and v =
x(r,l). Then
Ugs(2;0) = U(z,€) + Ofcy +£2), (2.4.78)
for
Vo(z(5,0);0) x € Q¢ o
U(x,e) :{ ol#(2,1);0) mevel (2.4.79)

uO(ZL’) T e Q\Q[_cl,cl].

Proof. We partially imitate the proof of [19, Lemma 2.5], however the inclu-
sion of ¥(x) in (2.4.29) simplifies our argument.

For |r| > ¢y, i.e., outside the interior layer, J(z) = 0 and so0 ugs(z;0) =
up(z) + O(£%).

For |r| < ¢, we have

tas (73 0) = uo(z) + () (Vo(&, 1;0) — uo(Z)) + O(e). (2.4.80)
We note ¥(z) = 9(z) + rn(l) gf . As 9(x) is a smooth function

z=Z+rn(l)0

with 9(z) = 1 we have ¥(z) = 1+ O(r) and as ug(x) and V(&, () are bounded
(2.4.80) becomes

Uas(7;0) = up(w) — up(Z) + Vo(&,1;0) + O(r + ¢). (2.4.81)

Using the definition of z in (2.4.3) and (2.4.13) we have |z(r, ) —z(r,1)| = |r|.
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We also note that ug(x) and Vug(x) are bounded and we get the result

[uo(x) — uo(z)| < Crl, (2.4.82)

and hence
Uqs(2;0) = Vo(§,1;0) + O(|r| + €). (2.4.83)
Finally as |r| < ¢;, we obtain (2.4.78). O

2.4.4 Perturbed Asymptotic Expansions

We now perturb the asymptotic expansion uus(z;p) to find sub and super

solutions for the problem. Define 3 as

B(x) = Bla;p,pl, 1) = ttas(; p) + P[0 (€, [;p)0 (@) + Co] + B*2(&, 1 p)i(),

(2.4.84)

where h and p’ are small positive parameters that will be defined in §2.5.3.

As v, (&, l;p) and z(&, [; p) are defined in curvilinear coordinates we add J(x),

the smooth cut off function defined after (2.4.29), to eliminate these functions

outside the layer. The term ﬁ2z(§ ,l;p) represents the principal part of the

truncation error while p'[v.(&,; p) + Co] is added to ensure (sgnp’) - F'(ugs +

p'lve + Cy]) = 0.

Define the functions v.(&,1) = v.(&,1;p) and 2(&,1) = (€, 1;p) by

Le(ve) = |vol, v.(0,1) = vi(Foo,l) =0, (2.4.85)
4
Le(z) = 112882:0, 2(0,1) = z(fo00,1) = 0. (2.4.86)

Note, these equations could include higher order curvature terms coming from
the two-dimensional Laplacian operator similar to those in (2.4.28). These

terms are neglected from the above equations for v, and z. In the case where
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they are included they would be multiplied by p’ and h? respectively so these
terms become O(ep') and O(eh?) and are negligible in the work below. We
can prove existence of the solutions using (2.4.85) and (2.4.86) as they stand.
If curvature terms are included, existence of solutions cannot necessarily be

proven.

Remark 2.4.3. Nefedov, [24], considers similar upper and lower solutions to
(2.4.84) with some modifications. The right hand side of (2.4.85) is added
into the equation for vy (€, 1), i.e., a version of p'vy is included in the right hand
side of (2.4.33a), and a homogeneous version of (2.4.85) is included. Also the
dependence of p on ¢ is pulled outside of the constant from the beginning, i.e.,
pCy is written as "y where v = O(1) and n is the order of the asymptotic
expansion. We carry the perturbation parameter p through the work and
then later choose the value of this parameter, i.e., in Lemma 2.5.5 it is found
that p depends on £ and h. Finally there is no version of z(€,1;p) in [24] as

a discrete system is not considered.

We now give three lemmas in order to show that §(x, £p, £p/, B) are upper
and lower solutions to our problem. We prove existence of the solutions v,
and z, give bounds for their derivatives and consider the jump of the normal
derivative of g across ['y. We then give bounds for '3 and finally show that
B(x, £p, £p', ?L) are ordered solutions.

Lemma 2.4.7. Assume that |p| < p* for some positive constant p*. Then
there exist solutions v, and z of problems (2.4.85) and (2.4.86) respectively,
and for any arbitrarily small but fixred X € (0,7), there is a constant C such
that

< Cye~ 7N (2.4.87)

Ve 2 0,

oktmy, oh+m

ogkaim |+ ‘agkam

for§ e R\ {0}, k=0,...,2 and m=0,...,2 with k+m < 2.
Furthermore, there exists Cy, Cy, C3 and €* = €*(p*) such that for all
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e <e* and 0 < |p| < p* we have
(sgnp) - ®[B(z;p, p, h)] = Cielp| — Cae® — Cslp). (2.4.88)

Proof. This proof follows [18, Lemma 6.4] and [19, Lemma 3.1].

As 9Y(x) is bounded above by 1 we can take the upper bound and work
with # with ¢ = 1. For the existence of v, and z, apply Lemma 2.4.3; these
equations are of type (2.4.36), therefore a solution exists by applying this
lemma. As the right hand side of (2.4.85) is non-negative, we have ¢» > 0
and v,(0) = 0. Using Lemma 2.4.3 we get v, > 0.

Applying Lemma 2.4.3 in the same manner as in Lemma 2.4.4 to (2.4.85)
and (2.4.86) and their derivatives, i.e., checking the right hand sides are
bounded, gives the remainder of (2.4.87).

Now (2.4.88) is left to prove. We have

(senp) - ©[B(x; p,p, h)] = (sgnp) (Pluas] +p'v.] + A?@[2]) . (2.4.89)

For wu,s(x; p) we use Lemma 2.4.5 and get

(sgnp) - ®lugs] = Cre|p| — Coe. (2.4.90)
For v, we have
dlv,] = aafv*(o_,l) — aagv*(OJr,l) ( |
2.4.91
1 o0 _ B ox
- 767 (— J AR S (A R () EO) -

As v, is continuous across the curve Ty, v, (0,1) — v7(0,{) = 0. From the
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equation for v, we have ¢ = |vg| and so

dlv,] = —

x(; 5 /_O:O o] dé. (2.4.92)

10
Splitting the integral into two intervals, using vox = ia—g(vg) and vo(£o00) =0

gives

_x(é l) U_Ooo X - /ooo “Oxdf} - _Qx(lo ) [(00(07))* + (u0(0")*] > ~Ci.
| | (2.4.93)

Finally, for z,

0 9, 1 o0 _ ox
®lz] = —2(07,1) — ==2(0",1) = — dé + [z — 2 ,
(2.4.94)
where
0,0\ )12 9 O T ) T T 12n(0,) S 08X
(2.4.95)
Using integration by parts and y(4o00,l) = 0 we get
_;82& (&,1) o _ 1 > 82X87Xd __# 87)( b
12x(0,1) 92 V| T 12x(0,0) Je 02 06 T T2y, \og ) |
(2.4.96)
2
S ?9? = %g) = b(xg, Vo) and Vy(£oo,l) = ¢; with i = 1,2 which are

solutions to the reduced problem, i.e., b(Zg,p;) = 0, (2.4.96) equals zero.

Therefore ®[z] = 0. Putting this information together results in
D[B(z;p, P, h)] = (sgnp) (Blugs] + p'®[v,]) > Cielp| — Coe® —[p'|Cs, (2.4.97)

and we have obtained (2.4.88). O
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Lemma 2.4.8. There exists positive constants Cy, Cy, p'* and €* such that
for allx € Q\Tg, e < e*, [p| < p*, 0 < [p| < p~, the function B(z;p) of
(2.4.84) satisfies

2 4
Fﬁ_ii%

12961 °| 2 fCo|p'|72 —Cy(® +eh? +hY).  (2.4.98)

(sgnp’) -

Proof. This proof is an extension of the one-dimensional case [18, Lemma 6.5]
and [19, Lemma 3.2].

To calculate F'8 we represent it in the following manner,

Uqs+p vsth2z Uqs+p vxA+h2z4+Cop’

FB=F

+ F(ugs), (2.4.99)

Uas +p'v* +il22

Uas

where we again use the notation F ’Z := Fa — Fb. This eases the calculation
as the order of F'u,, is known and terms from this in the Laplacian will cancel
with that of F/3. From Lemma 2.4.5 we have Fu,s(x;p) = O(g?).

Taking the first term in (2.4.99) we have

Uas+p'vathz ,321}* 82 0 0 9
Fuas =P 852 _h a€2+< ag Eg <<8l>>(pv*+h )
+0(, Ugs + Pvs + B22) — b, Ugs).-

(2.4.100)
Note that 5/@2 —€ Ca Ca (pv.+h%z) = O(ep/+eh?). Doing a Taylor

series expansion of b(m, Ugs + P'Us + iz2z) about p'v, + 322 gives

b(2, Uas + POy + h22) — b(a, Ugs) = (P0s + h22)by (T, Ugs) + O((p'v, + h22)?).
(2.4.101)
For the derivative in (2.4.101), b,(z,uss) = Bs(z,v9) + O(e) and the final
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term is [p'v, + h22]O(p/ + h?). We now have

Ugs+p vet+h2z 82 « ~ 82 ~ ~
Pl o S RS2 (e, + h22)[Ba(x, vo) + Ofe + p + h2)]
s e o¢?
+O0(ep +eh?).
(2.4.102)
Using the equations for v, and z gives
Uas+p've+h2z ~y 1 64V0 ~ ~
F =p/|vo| + h?— +[p + h?O(e + p' + h?)
s [vol 12 9¢t (2.4.103)
+ O(ep’ + eh?).

The second term in (2.4.99) is

Uas+p' vs+h22+Cop’ ~
F +p'vx+h=z+Cop :Cop/[bu(x,uas+plv*+h2z)

Uas+p ve+h2z (2.4.104)
+ ' Cobuu(, Uas + p'vs + Bz + Cop'0)].

As by, (+) is bounded, (2.4.104) becomes

Uas+p vs+h224+Cop’ 7
Pt eop = O()p,[b’u(l’, Uqs +p/U* + h2Z> + O(p/)]7 (24105>

uas+plv*+ﬁ22
and using by, (z, u.s) = Bs(x, Vo) + O(e) we get

Uas +p/v* +E22+COP,

F = Cop/[Bs(, v0) + Ole + p' + h?)). (2.4.106)

Uas+p'vsth2z

We next use Bs(z,v9) = Bs(z,0)—A(z)|vg| and choose A(z) := —(sgn vg) Bss(z, vo0(z))
where |\(z)| < C5 and get

Uastp' Vs h224Cop’ ~
T = o [Bu(w,0) = M) o] + Oe +p/ + B)]. - (2.4.107)

Uas +p’v* +i122
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Adding together (2.4.54a), (2.4.103) and (2.4.107), we get (2.4.99) to be

R
12 9¢4

—p'|vo| + [P + h2O(e + p' + h?) + O(ep’ + eh?)
+ Copl[Bu(,0) = A@luol +O(e +5/ +h2) - BA1Y
+ O(?).
Recall By(x,0) = by(x,up) > +* and choose Cy = C5', ie., 1 — CoA(z) > 0,
and (2.4.108) becomes

71234‘/0 21,/ 1 /A2 3 72, 74
Fﬁ—1—2a—54 <Coy ]p]—l—iColp 1v* 4+ Cu(e” +eh” + %), (2.4.109)

where we choose ¢* and p'™ sufficiently small such that |O(ep’ + p?)| <
1
§C’O|p’ |72 and C, sufficiently large. ]

Later we will require a result similar to those in Lemma 2.4.8 for the outer

region of the domain. We give this in the following lemma.

Lemma 2.4.9. There exists Cy > 0 and p’ from (2.4.84) such that away from

the layer region we have
+F[B(x;p, 20, 0)] = Colp' |2 + O(|p'|e + &%), o€ O\Qey.n) U Ty

(2.4.110)

Proof. As 9(z) = 0 in this region, 8 = uy + c%uy + p'Cy. We take the case
F[B(x;p')]; the other being similar. Recalling (2.4.10) we get

F[B(z;p)] = p'Cobs(, ug) + p' Coc®ua(2)byu (0, ug) + O(eh). (2.4.111)

Using (A3) and as by, (x, ug) is bounded we obtain the desired result. O
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0
We now have the necessary requirements to show 85 > 0 and the following
P

lemma shows §(z; £p, +p/, iL) are ordered upper and lower solutions.

Lemma 2.4.10. Let p > 0, p' = C’ep for some positive constant C’, and
h? < Cet for some fized p € [0,1]. Then there exists €* = €*(C’, ) such that
for the function B from (2.4.84) we have

B(a;—p,—p',h) < Bla;p,pl h)  forzeQ, e<e, |p| <pt. (24.112)

Furthermore, for any arbitrarily small but fized X € (0,7), there is a constant
Cy > 0 such that u.s(x) from (2.4.29) satisfies

|B(z; +p, £, h) — tas(;0)] < Co(lp| + h2)e OV L Celpl.  (2.4.113)

Proof.  This proof imitates that of [18, Lemma 6.6] and [19, Lemma 3.3].
Fix h, and consider B(w;p) = B(x;p,p’,ﬂ). As 0 < 9(z) < 1 we can
replace it with ¥(x) = 1. The function § is continuous so it suffices to show

86 > 0 for x ¢ ['y. Differentiating 5 with respect to p and taking p’ = C’ep
p

gives
86 81}0 avl 287)2 ’ , c%* A282 ’
— = C'ev. +C h*— + C"eCy. (2.4.114
ap 0p+€8p+€ (9p+ €V, + spap—ir 8p+ eCy. ( )

Taking the derivative with respect to p of (2.4.17a), that is

2
5 |- g Vol€ i) + b ol L) | =0 (24.115)

Recalling (2.4.30) and tidying terms in (2.4.115) gives

82 81}0 81)0

_Z 9% | T p)) = 2.4.11
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which is of the form (2.4.36) with ¢(&,1) = 0 and therefore Lemma 2.4.3 can

v
be applied with y = ~2 For the other terms v1, Vg, U, and z we have
X Bp

& 0v; v, 0Y;
_ 9 Oy, Ovyy . Bz, L = 2.4.11
Se gy o e V(€ Lp) 0B olE p) = 0 (2417)
82 31}* aU* 8|UO|
0 I (2 1 Bos(z, Vol&, ; — , 2.4.11
35y + g @ (E 5p) + v Bp(a (6, ) = 8 (24.118)
and
0% 0z 0z L 9" duy
e _ B )= —— 20 (9411
se oy 9yl @ OE ) + 2B Vol& hp)) = ey (24:119)

We find bounds for v;, v, and 2z using the above equations and Lemma 2.4.3,

ie., 861;;‘ <C(1+4E&%)x for j = 1,2 and %Z;* + g; < C(1+[¢])x. Putting
these together in (2.4.114), we get

8—5 > x + CoCl'e + 0,0 — cC(1 +EH)x — 2C(1 + Yy

ap (2.4.120)

— C(1+ [€])xC"ep — h*C(1 + |€])x-

Choose u € [0, 1] and some positive constant C” such that

gﬁ > x + CoC'e +v.0" — C"e*(1 4 &Y)x. (2.4.121)

As v,(&,1) > 0, we have

gﬁ > x + CoC'e — C"e(1 4 £Yx. (2.4.122)

Using (2.4.24) we choose C sufficiently large so that for [¢] > &* := C|In¢]
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we have
!
C’Il

(1+&Yx < . (2.4.123)

e
Putting (2.4.123) into (2.4.122) gives b > X, and since y > 0 we have the

dp
desired result.
If instead |¢| < C|Inegl, then
C"e(1+ €Y < C"eM(1 4+ |Ine]t) < 1, (2.4.124)
and so 57
98 > CyC'e > 0. (2.4.125)
Op

]

The final corollary of this section brings together the results so far and
states that a solution to the original problem exists and lies between the

upper and lower solutions that we have found.

Corollary 2.4.1. There is €* > 0 such that for all ¢ < €* there exists a
solution u(x) of problem (2.0.1) that satisfies

[u(r) — uqs(w;0)| < Ce*  for x € Q. (2.4.126)

Proof. A similar result can be found in [24]. Our proof imitates that of [18,
Corollary 6.7] and is extended here to two dimensions.

For this proof we set up upper and lower solutions, §(x; +p, £p’,0), and
call upon Lemma 1.0.1 to show there exists an exact solution between these

solutions.
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C 2
Firstly choose p > 22;1 and
_ Ciep
/= 2.4.127
combining these with (2.4.88) gives
3 0263
(senp) - ®[B(z;p,p', h)] > > 0. (2.4.128)

4

1
If we now take (2.4.98) and choose p = O(e?) so large that 500]5’72 > Oye?
we have .
(sgnp)FB > §CO|15’|72 — Oy’ > 0. (2.4.129)

As B(z;—p,—p',0) < B(z;p,p,0) then [(x;+p, £p',0) are ordered upper
and lower solutions of (2.0.1) away from the boundary. Noting (A6) it can
be seen that at the boundary =+ f(z;+p, £p',0)|,con = Fg(v) and hence
B(x; +p, £p',0) are upper and lower solutions in the entire domain.

Calling on [27, Theorem 4.1, p.64] described in Lemma 1.0.1 a solution
u(x) of (2.0.1) exists and lies between [(x; —p, —p’,0) and 5(x; p, p’,0). Using
(2.4.113) we have that this solution lies in an O(p) = O(g?) region from
Ugs (). O
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2.5 Discrete Space: Analysis of the Numeri-
cal Method

Considering the discrete space, we present a numerical scheme for the solution
of (2.0.1). We aim to prove existence of discrete upper and lower solutions
and find accuracy bounds for the conventional and the stabilised numerical
methods.

Employing the theory of Z-fields as described in §1.0.2, we will prove
the existence of a solution between the discrete upper and lower solutions.
In order to use the theory of Z-fields we have the following remark for the
discrete system. Note an M-matrix is a matrix with non-positive off diagonal
entries and where the real part of its eigenvalues are positive.

Remark 2.5.1. [14, Remark 3.8]

Let X1, Xs,...,X, be interior points of Q, X1, X5, ..., X,, be on 99 and
U € R""™ be a discrete function defined at these points.

Suppose F¥ : R™*™ — R™ has the form

FNU = 2AVU + [b(X;, Uy (2.5.1)

=1

where AV is an M-matrix discretisation of the operator —A.
Then the mapping (X;..., Xy, X1..., Xom) = (FNU,..., FNU,, g(X1)..., g(Xm))
is a Z-field.

From this we have two requirements on our system for the use of the
theory of Z-fields;

(i) the discretisation of —A is an M-matrix,

(ii) the discretisation of b(x,u) at any interior mesh point X; uses only Uy

with k£ = 1.

To ensure an M-matrix discretisation of the finite element method we
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consider a quasiuniform Delaunay triangulation. Define h as the maximum
side of any triangle, i.e., h := maxh; where h; is the length of side i. A
quasiuniform mesh is a mesh in vtzhich the area of any triangle is bounded
below by Ch?. A Delaunay triangulation is one in which the sum of the angles
opposite to any edge is less than or equal to 7, and any angle opposite to Q"
is less than or equal to g Both of these requirements imply that we have a
mesh whose triangles are essentially the same size and the stiffness matrix of
—A is an M-matrix.

For a scheme where the discretisation of b(z, u) at any interior mesh point
X; uses only Uy with k£ = ¢ we use lumped mass finite elements. This is done
by diagonalising the matrix representation of b(x, u), i.e., the mass matrix M
is replaced by a diagonal matrix M where each non zero element m;; is found

by summing the th row of M, i.e.,

My = Zmzk for each 1. (2.5.2)
k

To solve the system in the discrete space Q" we would like to use finite
element throughout the domain. Due to the above points this is not possible
if we also want to refine the mesh. Refining the finite element mesh will mean
we no longer have an M-matrix and therefore cannot use the theory of Z-
fields. To refine the mesh in a region of the domain we use a finite difference
discretisation in that region. This could be solved by bilinear finite elements,
however going into polar coordinates in a finite elements discretisation would
cause complications. To solve these issues we use a Delaunay triangulation
with lumped mass linear finite elements in the outer regions and finite dif-
ferences in curvilinear coordinates in the interior layer. On either side of the
interface curve we use a fictitious Neumann boundary condition, these dis-
cretisations are then combined, eliminating the Neumann condition. These

regions are represented in Figure 2.9.
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(a) The outer regions in- (b) The interface curves (c) The interior layer re-
cluding 0 where finite el- 'y, where the fictitious gion Q) where finite dif-
ements are used. Neumann condition is used. ferences are used.

Figure 2.9: The regions of ().

2.5.1 Layer Adapted Mesh

For the discrete domain we define 7 to be a small positive parameter such that
7 < ¢ and the boundaries I'y., := {x(r,1) : r = £7} are smooth closed curves
in €2 that do not intersect with each other. The discretisation of (., ), the
interior layer region, is the region denoted Q(_, -y := {x(r,1) : |r| < 7}. Since

this is a rectangle in curvilinear coordinates we can define a tensor product

mesh.
Define the tensor product mesh to be {(r;,1;),i = =N, ..., N,j = —1,..., Ni}
where [y = 0, Iy, = L and [y = Iy,—1 — L. The transition curve is lo-

cated at ro = 0, i.e., zo; = x(ro,l;) € I'y and x4y, describes I'y,. De-
fine h; := r; —r;_y and h; < h. Let {l;} be a quasiuniform mesh with
C'N-' <l;—1;-1 < CN~'. The fine mesh {r;} is chosen in §2.5.1. Assume

C'ht<N<COht (2.5.3)

In the outer regions, i.e., for X; € ON , we use piecewise linear finite
elements on a quasiuniform Delaunay triangulation. We replace the original

domain boundary with the polygonal boundary 9QY. Along the boundary
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of the domain we have the original boundary condition u(X;) = g(X;) for
X; € 09N, We also introduce the polygonal curve T'Y_ for the interface in
the outer region.

On the boundary interfaces between the interior layer regions and the
outer regions, denoted 'y, we introduce a fictitious Neumann boundary
condition. We find bounds for this interface using the finite element and
finite difference methods to the interior and exterior of I'y,, the solution can
then be matched across this boundary and the fictitious boundary condition
eliminated.

As in the continuous space, we may write x;; = (14,1;) and z;; = (&;,1;)
for x;; = x(r4,1;) and z;; = x(&;, ;) respectively in the discrete space.

The Shishkin Mesh [32]

Here we define 7, the mesh transition point, to be

T = %esln N, (2.5.4)
Y
with 7 from (2.4.22) and C; a sufficiently large user chosen constant. The
constant C'. will be later chosen in Lemma 2.5.5; for the standard method
C; > 2 and for the stabilised method C’. > 3. These choices will allow us to
say that fS.(z;;;£p) £ p"w(x;;) are upper and lower solutions to the system
where w(z;;) and p” will be defined in (2.5.11) and (2.5.12) respectively.

Introduce a uniform mesh {r;}¥_ on [—7,7], so
ri —1io1 =T7/N =CreN ' In N/7. (2.5.5)

We do not consider the Bakhvalov mesh as this will alter the truncation

error part of our analysis and so would complicate the work further.
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2.5.2 Cure for Numerical Instability: The Stabilised
Method

For the stabilised system we replace ¢, for some x;; € QN with

C
€(z;;) = max {5, N](Iij)}’ (2.5.6)
where
1 25 € N\ rm),
Iay) = d L % € A (2.5.7)
0 Tij € Q(—’T,T)J
and C is some user chosen constant satisfying
C? > — min _ b,(z,u). (2.5.8)

vE[p1,p2],m€QN

Compared with the standard method, this stabilisation will add artificial
diffusion in Q\Q(_T,T) if eN < C and will remain unchanged elsewhere. This
alters the system in the outer regions and strengthens the Laplacian term.
We denote the standard numerical scheme as F'V and the stabilised nu-
merical scheme as FN. Let N be sufficiently large. For X; € ON\Q_, ) we
have N — FN = —(82(x;;) — €2)AN and for X; € Q(_,,) we have FN = FN,
Note Q(_,- NIy, = 0 therefore FN — FN = —(&2(x) —2)AN for X; € T+

2.5.3 Truncation error

We want to examine the truncation error of the problem for FN and N

applied to the Shishkin mesh of §2.5.1 using a particular S defined by

Bu(x) == Bu(w;p) = Bla;p,pl, ), (2.5.9)
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where

. C
h:=c¢'minh;=CN 'InN, p = e—p, (2.5.10)
J 203

and p is such that |p| < p* for some fixed p*.

O(e)

—2:C" —eC’ 0 eC’ 2¢C"
Figure 2.10: Sketch of w(z;;).

Throughout this section we shall use f5,(z;;;p) £ p"w(x;;) as our upper
and lower solutions. The term p”w(z;;) is introduced to later help dominate

terms from the truncation error in the outer regions. We define

w(zy;) = ! ) Xi € Nr, (2.5.11)
W(.fij)e_(’y_A)(T_lril)/a Tij c Q(—’T,T)?

where w(z;;) is a smooth cut-off function that takes values in [0, 1], equals 1
when |r;| = 2¢C’ and vanishes when |r;| < €C”. The constant C’ is a suffi-
ciently large positive constant and X is a sufficiently small positive constant.
The function w(x;;) is represented in Figure 2.10.
For B.(zij;p) £ p"w(zi;) with z;; € QN and w(wx;;) from (2.5.11) we define
"

p'as
pi=C' N, (2.5.12)
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with « := 2 for the discretisation of the standard method (2.0.1) and o :=1
for the stabilised method (2.1.4) where &(z;;) is defined in (2.5.6). We choose
C' sufficiently large. The motivation for p” will be explained for the standard
method in §2.5.7 and for the stabilised method in §2.5.8.

To obtain global accuracy we look at each region and gain pointwise error
bounds. We will then combine these to get global accuracy. We will consider
three regions of the domain separately and combine the results to obtain
global accuracy results. The three regions are the layer region, €, ), the
outer regions, Qv \Q[_T,T} and the interface between these, I'y .. We consider
both sides of the curves I'y;. To distinguish between the sides of these curves
we us the notation 'y, NOQ_; y and I'y.- N OON , combining these to get the
approximation along I',..

We now present lemmas necessary to gain pointwise error bounds in each

region and then combine these to give results for the problem as a whole.

2.5.4 Discretisation of the interior layer regions, Q_;

We are looking at the interior layer region Q. ) = {x(ry,1;) : |r;| < 7} rep-
resented in Figure 2.9c. We note x4y ; describes the curves I'y.;. In the layer
region we are using finite differences in curvilinear coordinates similar to the
two-dimensional boundary layer problem [14]. In this region é(x;;) = ¢ there-
fore the standard and stabilised numerical schemes are equal, i.e., FN = FN,
Fori=—-N—+1,...N—1and 5 =0,..., N, — 1, we have

FNU,L']' = _52771‘;1Dr {ﬁZ]D;U’U} — €2<ile {Q:UD;UZJ} + b (Iij, UZ]) = 0

Uin, = Up, Ui—1=Un-1, (2.5.13b)
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where ¢ and 7 are described in (A.2) and

xij = x(ri, ), migi=n(rily),  Gioi=C(riy 1), (2.5.13¢)

Nij = n(ri1/2,1;), éj = ((ric12, 1), (2.5.13d)
D, v = m, D,v;j = (T::rlj ;ji)j/Q’ (2.5.13e)
Dy vy = Ulj = ZT Dyvyj = (z;ff—l l—jji;‘/z_ (2.5.13f)

Note that in the interior layer region é(z;;) = ¢ and so F'N = FN.

On any line r, with [ being constant, this region behaves like the one-
dimensional interior layer case [18]. Therefore we follow the outline of [18],
extending it to two dimensions. We want to set up discrete sub and super
solutions for this region and we do this in the following three lemmas.

To calculate the truncation error of our system we first look at the one-
dimensional truncation error of the Laplace operator. We consider this for
a uniform mesh and for a non uniform mesh. We will then combine these
results to obtain the truncation error of our system (2.5.13).

Let w(t) be some function with a discontinuity across ¢t = 0. We consider
Muw = —q(t) (p(t)w! (1))’ (2.5.14)

where p and ¢ are sufficiently smooth functions, and want to evaluate the
truncation error R; := MNw; — (Mw);.

For the case with a non uniform mesh the discrete analogue of (2.7.32) is

7

MNwN .= —g;D (ﬁiD‘sz) fori=1,..,N—1, (2.5.15a)
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where
D_’U)Z' = (wz — U)i_1)/k3i, Dw, = (wi+1 - w,)/kz, (2515b)

ki = (kz + ki+1)/27 k?z = tz — ti—l and ]32 = pz_% (2515C)

For a uniform mesh we have the following result for the truncation error.

Lemma 2.5.1. Let [w®| < C, [pY| < C for j = 0,...,6, and k; = k
and p(t) and q(t) be sufficiently smooth functions. The truncation error
R; == MYNw; — (Mw); of (2.5.15) with t # 0 is

R; = —aik?q; ((pw") + (pu')"); + O(KY), (2.5.16)

Proof. The proof of this is included in §2.7.2. [

Remark 2.5.2. Considering Lemma 2.5.1 with the additional condition that
|wW| < Ca for j =0, ...,4 we have

R; = O(k*a). (2.5.17)

Let us now look at the truncation error of (2.7.32) on a non uniform mesh.
For this case we do not need to consider the truncation error to an accuracy
as high as in the previous lemma. This lemma will be used to obtain the

truncation error of derivatives with respect to [ in (2.5.13).
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Lemma 2.5.2. Let [wW| < C and [pV| < C for j = 0,...,3. For a non

uniform mesh the truncation error R; := MY w; — (Mw); of (2.5.15) is
R; .= O(k), (2.5.18)

where k = max k;.
Proof. The proof of this is included in §2.7.2. [

Corollary 2.5.1. For i # 0 the truncation error of the system (2.5.13) for
the mesh described in §2.5.1 is

N h? Vo 22, 74
Ri;[B) == F" Bij — FB(xi;) = —— + O(eh® + h%). (2.5.19)
12 08" |
Proof. We note
aj—i-kﬁ 8j+k77
-~ _Clgc, < Cforj=0,..6 k=0,..3, 2.5.20
| DEIOIF rioF orJ (2.5.20)

due to the bounds (2.4.50) and (2.4.87) for terms in 3, as well as (2.5.10) and
(2.4.84).
We rescale r = £ in (2.5.13) and write R;;[(] = RS)[B] + Rg) [8] with

B o o [ 88\ |

Rz(]l)[ﬁ] =—n;' [Dg (%Dg 5@‘) s (ﬁaglj_ : (2.5.21)
. o (. 08\ |

RE?) (8] = —€%¢; [Dl (Qle 5@') )l <<al>i]’ : (2.5.22)

For RS)[B] we employ Lemma 2.5.1 with w = 3, p=mn,¢q=n"1,t=¢, and
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k=& —& 1, ie, k=h, and get
3
R (8] = —anh?n;;! l < 0 5) + 2 (naﬁﬂ +O(hY).  (2.5.23
1 € 853 853 f y ( )

For REJQ)[B] we use Lemma 2.5.2 with w = 3, p = (, ¢ = (, t = [ and
ki =1 —l;_1,ie., k; <CN™! and get

RP[8] = O(*N ). (2.5.24)

We note N~' < Ch using (2.5.10). Combining this information we find

B\ 9 (0B A .
Bl = —ah2nt I 4 2

R;;[B8] = —arh®n; [ag ( ag3> T 7 <n0£>]zj+o<h +2h). (2.5.25)
Expanding terms gives

Y o'p  OndPB 0P8 Pnop
R[] = —anh”n (2 Toet +4a§ aEd +3ag2 a2 85385>ij (2.5.26)

+O(h* + £%h).

As we are considering the layer region, we take J(x) = 1in (2.4.84). Again
using the bounds for 4 and 7 in (2.5.20) we have

o
R[] = —anh?n;;! (277856 +O(e )) + O(h* 4 £%h). (2.5.27)
ij
ot 4
We note 0{5 = 83220 +O(e+h?) and (n~'n);; = 1. Finally ase < CN ™!

from (2.2.3) and N~! < Ch by (2.5.10) we have e2h < Ceh? giving the order
as eh? 4+ h* and obtaining (2.5.19).
[l
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Due to the discontinuity along I'y of derivatives of the functions involved
in 5, we now consider g(pw’)’ along the discontinuity. As the discontinuity
occurs along » = 0 and our mesh is uniform in the r direction we consider

this lemma on a uniform mesh.

Lemma 2.5.3. Let |[wY| < Ca and [p¥)| < C for j = 0,...,3 and some
positive constant a. For the case with discontinuous derivatives across t = 0,

the truncation error of (2.7.32) on a uniform mesh is

MY w(0) — ; {Mw(0") + Muw(07)}, =

1 (2.5.28)
= +/ _ _/
~di {pw™ = pu'} +O(ka),
where wt = w(0%).
Proof. The proof of this is included in §2.7.2. O

Corollary 2.5.2. The truncation error of the system (2.5.13) at r =0 is

FY3(0,1;) — ; (FBO™, 1) + FB(07, 1)) =
i o, . o (2.5.29)
T o + ﬁcb[ﬁ] + O(ch + h?).

1
Proof. Firstly, we have 5 (FVo(0T,1) + FVy(07,1)) = FVp(0,1) as V; is con-
tinuous across r = 0. Hence we revert to the previous continuous case for 1

using Corollary 2.5.1 and get

+0(eh®+e*h+h?).
r=0

(2.5.30)

We are now left to consider 3 = 3 — V. We stretch the variable r, r = g€,

) h2 04V
N + - = :
FYV(0.0) =5 (FW(0*.0) + FY%(07.0) = ~5 T

and use Lemma 253 withw =3, ¢=n"", p=n,t =& and k = & — &_1,
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i
¢
use Lemma 252 with w =3, ¢=¢Y,p=( t=1land k; =, — l;_1, ie.,

k; < CN~! and again note N~1 < Ch. Combining this information we get

i.e., k=h. We take a = £ + h? as = O(e+h?) for j =0,...,6. We also

FN3(0,1,) — ; (FBO*, 1) + FBO™,1)) =

L1 98" 98" TN
ﬁ{nﬁf —77875 }+O(h(€+h)+€h)
ij

(2.5.31)
—1

We recall the notation ®[5] from (2.4.35). As V{ has continuous derivatives

across 7 = 0 then @[] = @[] and we get the desired result. O

Remark 2.5.3. For the finite difference scheme (2.5.13) in the layer region we

have £ = ¢ and so in this region
|(EN — FN)B, ()] = 0. (2.5.32)

We now want to apply Lemma 1.0.1 in this region. To do this we must find
discrete upper and lower solutions S and « such that o < f and Ha < 0 <

H . In our case the discrete upper and lower solutions are 5(z;;; p) £p"w(z;;).

Lemma 2.5.4. Let N be sufficiently large and p” > 0 sufficiently small and
independent of €. Let C. < C. where C; is a sufficiently large positive con-
stant. There exists w(x;;) such that 0 < w(x;;) < 1 and for all |p| < p* the
function B.(x;j;p) from (2.4.84) satisfies

i{FN [Bu(ij; p) £ p"w(xif)] — FNB*(JCz'j;p)} > —p”C'N_C/T, (2.5.33)

Jor xi; € Q7 1.
Furthermore, this inequality holds true with FN replaced by BN,
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Proof. We extend the proof of [18, Lemma 6.9] to two dimensions.

For the region |r;| < eC’ we have w(wz;) = 0 from (2.5.11) and we imme-
diately have FN[B,(z;;p) &+ p"w(xi;)] — FY Bu(wij;p) = 0.

For the rest of the proof we deal with eC” < |r;] < 7 and consider the +
case of £ in (2.5.33), the other case being similar. Choose A sufficiently small
such that

C(1—)\/7) = C. (2.5.34)

We next want a bound for b, (z, B.(z) + s) for eC" < |r;| < 7 and |s| < ¢
where ¢ is a sufficiently small positive constant. We take the case where

r < 0, the other case being similar. Firstly we have

bu(, B.(x) + 5) = bu(x, p2(2)) + O(B. = p2) + O(s). (2.5.35)

As |s| < ¢ with ¢ sufficiently small, we can make s as small as needed by
making ¢’ sufficiently small. For the remaining term we have [, (x) — po(z) =
vo + O(N™Y). By (2.4.50) for eC’ < |r;] < 7 we have fB.(z) — @o(z) <
e~ (=N L O(N-1). This can be made sufficiently small by choosing N and
C'" sufficiently large. Now for the first term in (2.5.35) we note x = z + O(7)
with 7 defined in (2.5.4) and b, (z,v(x)) and yy(z) are sufficiently smooth for

any smooth v(z), and we get
bu(z, p2(x)) = bu(Z, p2(z)) — CT. (2.5.36)

As 7= Celn N, we recall (2.2.3) and hence we can make 7 sufficiently small
by again choosing N sufficiently large. We note (2.4.22) and choose \ suffi-

ciently small from (2.5.34) such that we can now write

bu(z, Bo(z) +5) = (7 — A/2)?  foreC’ < |ry| <7, |s| <. (2.5.37)
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Recall w(z;;) = w(wy)e”ONE=r/e for 2, € Q) from (2.5.11) and
choose 0 < p” < ¢. We have —2(;; D, [@le_w(xij)] = 0 as w(x;;) has no
dependence on . We use a Taylor series expansion of b(z, 8, 4+ p"w(z;;)) and
the bounds in (2.5.37) to get

FN[B(zij;p) + p"w(2y)] — FN Bu(wijip) =

. o L ) (2.5.38)
— "0 Dy [i1y Dy w(wsy)| + 1" (7 = A2) w(ayy).

We now look for a bound for w(z;;) and its derivatives. Firstly |w(z)| <1
!
(9;) < Cforl =0,...,6. Now the exponential term in w(x;;) is left to be

considered. Due to the differential properties of the exponential function and

l
aagl (ewwn)/s)’ < Ce~G-NE=nD/2 . Putting

this together with the bound for w(x;;) we have

and

as v — A < C, we can say

Ow

7 < Cem O NE=Imb/e for [ =0, ..., 6. (2.5.39)

To get a bound for (2.5.39) for eC’ < |r;| < 26C” we can write

e~ (- Mr=Inil)/e e~ (- (7—2eC") e (2.5.40)

Using the definition of 7 from (2.5.4) we get

e~ (V=N (r=lril)/e < e~ (3=2)(Cr/yIn N=2C") (2.5.41)

We replace 20’ (=) by some constant C| i.e.,

e~ (=N (r=Ir)/e < Clg=(-XC-/7IN. (2.5.42)
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Using the choice of A from (2.5.34) we arrive at
e~ G-NE-In/e ¢ ON-Ch (2.5.43)

and hence (2.5.39) becomes

Ow

7 < ON=  for eC’ < |ry] < 2eC, (2.5.44)

for [ = 0,...,6. Recall (2.4.28) and that ! and 7 are sufficiently smooth.
We apply Lemma 2.5.1 along with Remark 2.5.2 with (2.5.44) and get

2
w24 O(h?N~=%). (2.5.45)

&0 Dy [y Dy w(ayy)| = ez o€

We can again use (2.5.44) to simplify further and get
&5 Dy [y Dy wiwyg)] = O((1+e + )N, (2.5.46)

for eC" < |r;| < 2eC’. Putting (2.5.46) back into (2.5.38) and as ¢ < 1 and
h < 1, we have

FN[B.(wijip) + p'w(wi)] = FNBu(wizsp) = p"(7 = A2)*w(w;;) — Cp'N~.
(2.5.47)

Asp"(7—N/2)%w(zi;) = 0 we get the desired result, (2.5.33), for eC” < |ry| < 2¢C".

For 2eC’ < |ri| < 7, w(wij) = e~ NN/ a5 w(z;;) = 1 and we have

—e’n;' Dy [l Dy w(ayy)] = —(3 = N?w(y) — e(3 = Nw(ayy) + O(Ww(y)),
(2.5.48)
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and hence,

FYN[Bu(i5p) 4 p"w(zi)] = FY Bu(izip) = — (7 = A)*w(wy)
+ (¥ = A2)%w(xy)  (2.5.49)
+O(e + 1?).
As X € (0,7) we have (y—A/2)? > (y—\)? and as 0 < w(z;;)

<1
(Y=A/2)2w(zi;) = (Y= N)?w(zy;). Therefore, (Y—M/2)?w(z;;) > 0 dominates
the other terms on the right-hand side of (2.5.49). Hence,

we can say

FN[B*(mij;p) + p"w(wxi)] — FNB*(xij;p) >0 for 2eC' < Iri| <7, (2.5.50)

and we obtain (2.5.33) for |r;| < 7.
For the stabilised method, &(x;;) = € in this region so the above result
holds. O

The following lemma gives the necessary condition that Ha < r < Hpf.

Lemma 2.5.5. Let C; > 2 and 0 < w(z;;) < 1. There exists sufficiently large
positive constants C, C' and sufficiently small positive constants * = *(p*),
co = co(p*) and cy = co(p*) such that if e < &, N > ¢3* and ht < coe, then
p=C(e2 + h2 + h*/e) < p*, and B.(x;p) from (2.5.9) with p = +p satisfies

FY[B.(2553—p) — C'N"2w(wiy)] <0 < FY[B. (w5 p) + C'Nw(wy)],
(2.5.51a)
Jor xi; € Q7 r.
Furthermore, if C; > 3, then

A

FN[B,(2i5:—p) — C'N " w(zy;)] < 0 < FV[Bu(i5p) + C'N " w(ayy)),
(2.5.51D)
Jor xi; € Q7.
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Proof. We extend [18, Lemma 6.10] to two dimensions. We note sgnp = sgn p’
from (2.5.10).

We first take z;; € Q- \I'c. Combining (2.5.19) with Lemma 2.4.8
gives the estimate of (sgnp)F™ B, (z;;;p) for z;; € Q- \I'o to be

1 N N
(sgnp) FN B. (w5 p) = §Co|p’|72 - C (53 +eh® + h4) : (2.5.52)

for some C, > Cy. Using p” defined in (2.5.12) and C'N~2 > (C}/7y*)N~2,
we choose
C=2<C, (2.5.53)

for the standard method. We now apply Lemma 2.5.4 giving

+ { FN[B.(wi5; p) £ C'Nw(xyy)] — FNBu(wi5ip) | = ~C'NT2N~% > —~CsN
(2.5.54)

for x;; € Q- \I'o and some C5 > 0. We eliminate FNB,(xi;p) by using
(2.5.54) with (2.5.52) to get

+FN[B, (45, 0) £ C'N"2w(zi5)] = ;Co|p’|72 —C (53 +eh?+ 714) — CsN™.

(2.5.55)
We choose N sufficiently large by choosing ¢y sufficiently small and saying
N > ¢, 1 We also choose h such that h* < ¢pe for ¢g sufficiently small, i.e.,
N~*In*(N) < ¢oN~'. We have C(2 + h% + h*/e) < p*. By choosing p such
that C(e3 + eh? + h*) = ep and CsN—* < Ch?* we can obtain the following

inequality for some p € (0,p*] and p’ :=¢ 2%3157

1 N N
SCob'y* = Ci(e” +eh® + h') + CsN ™, (2.5.56)

and using this with (2.5.55) we have (2.5.51a) for z;; € Q- \I'o.

For the case with x;; € I'y we use Lemma 2.4.8 now with r = 0* and
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4

0
again combine this with (2.5.29), noting 0 is continuous at r = 0, to get

o0&t
1 a .
(sgnp) N Buiyip) 25C0lp 1 — Ca (€2 + b + 1) 2557
+ (sgnp/) bt [@[ﬁ] + O (EilQ - ﬁ4)} :
Using (2.4.88) and the definition of p’ in (2.5.10) gives
1
(sgnp)®[p] > §Olé‘|p| — Co?. (2.5.58)
Putting this into (2.5.57) we get
1 a N
(sgnp) N uiip) Z5Colp' 1y — Ca (8 + b + 1)
(2.5.59)

~ 1 ~ ~
i {201€|p| — Gy — O (e + h4)} ,

for some C4 and C > Cj.
We again eliminate F'V 3, (z;;; p) by using (2.5.54) now with (2.5.59) giving
£V (ni8) £ CNu(eg)] 2 =GN~ + S Colp?
—C (53 Leh? }34)
L {;C’l€|p'| Oyt 4 e + ﬁ4)} |
(2.5.60)

for z;; € I'y. From the choice of N, h and p above, we can also obtain the
inequality

1 N N

5Chep > Cae® + Cy(eh?® + hY). (2.5.61)

Using this with (2.5.56) we obtain (2.5.51a) for z;; € T'.
For the stabilised scheme we have p” := C'N~' from (2.5.12) and we
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choose
C’; =3< (., (2.5.62)

such that —Cp"N=C¢ > —C5N~* still holds and the result follows as before
giving (2.5.51b). O

As we have FV[B,(zij; —p) —p"w(w;;)] < 0 < FN[Bu(wij; p)+p"w(zi;)] and

B(xi; —p) —p"w(zs;) < B(ay;p) +p"w(zy;) for x5 € Q7 -y with p” defined in
Cye?

2.5.12 dp> —

(2.5.12) and p > 5 =

remaining regions. We then combine these and use the theory of Z-fields from

, in the next sections we obtain similar results for the

§1.0.2 to prove the existence of a solution U satisfying 3(x;;; —p) —p"w(x;;) <
U < B(wij;p) + p"w(wi).

2.5.5 Fictitious Neumann Condition along ',

We introduce the fictitious Neumann boundary condition, ¢(x), to deal with
the jump across I'y. This condition is introduced on the curves I'y., i.e., the
boundaries of {}(_;) in the interior regions and the outer regions. These
approximations are then added together to get the system along I'1; and the
Neumann boundary condition is eliminated. The function ¢(x) is arbitrary
and when the approximations for the two sides of the curve are combined this
will drop out of the calculations.

We define the fictitious Neumann condition for the outer regions as

0 °
a% = ¢(x) for z € Ty, N O, (2.5.63)
and for the layer regions as
ou
5 = Fo(x) forx €'y, NOQr 7, (2.5.64)

where the notation I'y, N and [+ NOQ_; 7 is used to distinguish between
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r=—-r1 r=0 =T
.
.
.
Ju =,
= ou
" n
U .
ar . ou
or

DU=¢ Dl =—0

Figure 2.11: Representation of the choice of fictitious Neumann boundary
conditions.

the two sides of each of the curves I'y .. These conditions are represented in

Figure 2.11.

2.5.6 Discretisation of the Interface Boundary of the
Interior Layer Region, '+, N 0Q_.

In this section, we look at the interior layer interface. This consists of two
curves, I'y; N 0. In this region the interface boundary occurs along
the curve |r;| = 7, i.e., distance 7 from T'y, and refers to Figure 2.9b. Here
it ==+N and j = 0,..., N;. With the fictitious Neumann boundary condition

(2.5.64), we use the following second-order finite difference discretisation,

Fyy Uy = —€*6,Usnj = €*Ceng DilCeng Di Usn ] +b(zsn g, Usng) = 0,
(2.5.65a)
Usnn = Usno, Uin-1=Usnn-1, (2.5.65b)
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where

1 gaN+1/2)41/2,53P5 F en i DI Usn

Uiy = : 2.5.65
rYU£N,j nj;N,] h:I:N/2 ) ( C)
which can be simplified to
2 2 -1 2 F
57~U:|:N7j = —7¢j + 77:|:N,j/€¢j + 7Dr U:I:N,j; (2565d)
han han
V; i — Viq
Dy = = 5 g g(ran), (2.5.65¢)
Tix1 — T4

where n~! and 7 are defined in (2.5.13). Define fictitious points r_x_; and
ry+1 such that r_y 1 =7r_y —h_ni1 and ryy 1 = ry + hy respectively and
define

h_ny:=h_ny1, hni1:=hy. (2.5.65f)

We recall the definition of £(x;;) in (2.5.6) and see that in this region

2 _ [N — N
é(zy) =ecandso b =Fo .

Note (2.5.65d) is found by writing (2.5.65¢) as

1 -~
_ A b T DFUn
S niN,Jn{(iNJrl/;)I;//?vQJ}QSJq: FUsNg (2.5.66)

Taking Taylor expansions of 7] gives

- h
T(£N+1/2)+1/2,j = T+N T %nﬁv. (2.5.67)

Recalling (A2) we find ﬁ(iN_H/Q)il/QJ = TN+N + hiNK,/Q, and so (2566)
becomes (2.5.65d) .

Remark 2.5.4. The discretisation (2.5.65) is obtained by considering the cen-

ou
tral difference discretisation of the Neumann condition — = F¢(xyy ;) for

or
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Tin,; € ', that is

Uingij — Usn-1
2h

=TF¢; forj=1,.., M, (2.5.68)

with ghost points Uy, and U_y_;. Putting (2.5.68) into (2.5.13) and elimi-
nating Uy and U_y_; gives (2.5.65).

Lemma 2.5.6. Let QD Q\Q[_thﬁ_hm be the exterior and interior of the
curves 1 =T — hy and r = —7 + h_x respectively, with T chosen in (2.5.4).
Then for B.(z;p) from (2.4.84) with r; # 0 we have

72
[Bell 2@y < € (1 + 62) : (2.5.69)

Proof. This proof imitates that of [14, Lemma 3.12] but is more complicated
due to the existence of v, and z in f,.

Recalling (2.4.8), ug(z) is bounded by some constant as ¢;(z) and s (x)
are smooth functions. Using b(z, ug(x)) = 0, by the implicit function theorem
we can calculate derivatives of ug(x) that are dependent only on b(z,u(x))
and its derivatives, and hence we see the right hand sides are bounded as
b(w,u(z)) is sufficiently smooth. For the purposes of calculating ||usl|c2(q)
and |[|z]|c2q) we require [|ugl/cs(q), hence we calculate sufficient derivatives
for this and obtain |lugl|csq) < C-

We look at (2.4.8) and firstly note that uy is bounded as, again, b(z, u(x))
is smooth and we have established that [[ug||c2) < C. We can take deriva-
tives of (2.4.9) with respect to r and [ and see that we have the result
[uzll 2@y < C.

Recall Lemma 2.4.4 and Lemma 2.4.7 for the necessary bounds and bounds

of derivatives with respect to § and [ for v; for j = 0,1,2, v, and z. Now
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noting r = &£ with (2.4.50) and (2.4.87) implies

ak—i—m P

*orkamm

ak—i—mvj

orkolm

ak—l—mv*

< Che ke (= NIril/e 2.5.70
arkolm e ’ (2:3.70)

for k=0,1,2,m=0,1,2with k+m <2and 7=0,1,2.
Finally we are considering the region in which r = 7 — hy, ie., r =
Creln Ny }(1 — N71) and noting ¥ — XA < 4 with X € (0,7) we have
vill 2@y + villez@y + 1202y < Ce2e7 1 I N(-NTHI, (2.5.71)
for + = 0,1, 2, which can be simplified to
_ _ _n—1
[vill 2@y + vsllez@y + 12l o2y < Ce 2N~ U=, (2.5.72)
We have N-¢"V"' <1 and C, > 2, thus

||Ui||02((_2) + ||U*||02(Q) + ||Z||CQ(Q) < C)\E_zN_2 < C{:‘_QiLQ. (2573)

Putting this together with the results for uy and uy we obtain the result. [J

Lemma 2.5.7. Let 3(z;p) be defined by (2.4.84), and the mesh {r;}Y, be
the Shishkin mesh of §2.5.1. Then for all |p| < po we have

+0(h?), (2.5.74)

2¢? 003,
FKJX_T,T]B*:N:N,]‘ — FB(viny) = . (2‘: 5 + <Z5j>

T+N,j

at all interface-boundary mesh nodes x4y ; € I'er N OQ_7 1.
Furthermore this statement holds true with F'Y and € replaced by EN and

E(x45), respectively.
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Proof. This follows [14, Lemma 3.13]. We want to estimate F{;{_T ; By — F .,

ie.,

2€2¢j

Fgé\gfr,r]ﬁ*iN,j — FB(rxn,;) = I + %N KO,
2 e —
—e? (q:hiNDf«Fﬁ*iN,j + Can DilCen D) ﬁ*j:NJ']) (2:5.75)

+0(zenj, Be(en ;) + 2 AB — b(zan j, BulTrn))-
As AB. < ||Bullcz@ys @5 < l1B<llcz@) by (2.5.64) and =" and & are bounded,

we have

220 2
=O; +& Dj:ﬁ*iNj
hen hen ’ (2.5.76)

+0 (52H5*||02(Q)) :

Fg])\LT ﬁ*iN,j — FB(ren;) =

7]

00,
We now introduce 85 to assist later when the interface discretisations are
r

brought together, i.e.,

2e? I3,
Ff]l\{—m]ﬁ*iN,j B Fﬁ*(xiN,j) = . (¢j + or )
N T (2.5.77)
2 op
2 * 2 )
TN
2 N
As iaﬁ F D Beyn; | is bounded by ||8i|| ¢z, We use (2.5.69)
hiN 87" TiN; K
along with (2.2.3) to get the desired result. ]
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2.5.7 Discretisation of the Outer Regions, Q

For the outer regions, ON .= QN \Q(_- ) represented in Figure 2.9a, we apply
the standard finite element method to our equation (2.0.1). The standard
weak form of this is the following; we want to find u € W(€2) such that
Yv e W;(Q) with v(z) = 0 for = € 0 we have

e2(Vu, Vo) + (b(z,u),v) = & puds  for z € €, (2.5.78)

where the term on the right-hand side comes from the fictitious Neumann
boundary condition (2.5.63) and (-, ) is the inner product in Ls(2). We use
gz = ¢(z) for z € I NS from (2.5.63). We must also impose the boundary
condition (2.0.1b), u(z) = g(z) for = € A, for the region Q).

We next set up nodal basis functions y; € SV where S¥ € WL(QY) is
the standard finite element space of continuous functions that are linear on
each triangle of our mesh in OV The nodal basis functions have the property
Xi(X;) equals 1 if ¢ = j and 0 otherwise, with X; being a mesh node in ON.
In this region we may write w; for w(X;).

In OV we define the approximate solution U € SV by

2(VU, Vi) +b(X:, U) (1, x) = 29y xids, Vx;€SY, (2.5.79)

Cyr
U= g(X;), VX;€onV, (2.5.79b)

where U; = U(X;), ¢ = ¢(X;), v(X;) = 0 for X; € 9OV and T'Y_ is the
polygonal boundary of the domain Qv , not including 9QY. We use lumped
mass discretisation for the integral involving the nonlinear function b(z, u(x))
as well as that involving the interface integral.

At interior mesh nodes, X; € ON , the term on the right hand side of

(2.5.79a) is not present and rewriting it in a similar form to the finite difference
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operator we have

2
FNU; = (15X‘)(VU, Vi) +b(X;, Up) =0, ¥y, e Q. (2.5.80)

Similarly the stabilised version of (2.5.80) is

2(X,

~—

N, = (VU,Vxi) +b(X:,0:) =0 Yy, € QY (2.5.81)

where U; = U (X;) is the stabilised approximate solution. As we have used a
Delaunay triangulation, the Laplacian term gives an M-matrix and so equa-
tions (2.5.80) and (2.5.81) are of type (2.5.1).

Lemma 2.5.8. Let 3.(z;p) be defined by (2.4.84), and 31 € SN be its piece-
wise linear interpolant such that 8,7 (X;) = B.(X;) at all mesh nodes X; € QN
Furthermore, let T be chosen as in §2.5.1. Then for all |p| < po we have

IFNB! — FB.(X,)| <CN™? VX, e QN (2.5.82a)

Furthermore this holds true with the standard method replaced by the stabilised
method.

Proof. This proof combines [14, Lemma 3.15] with [18, Lemma 6.8].
We want to estimate FV 3! — FB.(Xj;), i.e.,

2

FNBI—FB.(X;) = (1€X') (VBL, Vxi) +b(X;, B) + € AB.|x, — b(X;, B.(X;)),
(2.5.83)
which can be simplified to
2
FYBL = FB.X) = 5 (V68 Vo) + A0 . (2:5.84)
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Using integration by parts, we have

o
(VB Vxi) = (VI8 = B, Vi) = (DB, xi) + ]gi Xiaid& (2.5.85)

where the final term is zero as X; is in the interior of Q¥ and so x: = 0 here.

Using the interpolation error estimate |V[3" — ]| < ON7'||]|cz(q) and the

standard quasiuniform mesh properties (1, |Vy;|) < CN~'and (1, ;) > CN 2
along with (2.5.84) gives

[FYB! — FB.(X;)| < C21B. ]l oy, (2.5.86)

Finally using the bound for [|3.[[¢c2q) from (2.5.69) along with (2.2.3) gives
the desired result.

This argument also holds for the stabilised method noting £(X;) < CN L.

O

Lemma 2.5.9. Let N and C" be sufficiently large. Let C'. < C,. Then there
exists w(X;) such that 0 < w(X;) < 1 and for p := C(2 + h® + h*/e) < p*
the function (.(X;;p) from (2.4.84) satisfies

H{FYB.(X;;p) £ O'N2w(X))] — FNB.(Xi5p)} = C'N 7242, (2.5.87a)
and

FYI8.(Xs—5) — O'N~2w(X,)] < 0 < FY[8,(Xis5) + C'N-2w(Xy)].
(2.5.87b)
These statements hold true for FN and C'N~2 replaced by EN and C'N—1

respectively.

Proof. This proof follows that of [18, Lemma 6.9] and [18, Lemma 6.10].
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Using (2.5.80), and as w(X;) = 1 implies Vw(X;) = 0, we have

H{FY[B.(Xisp) £ "w(Xs)] — FNBu(Xisp)} = £{b(X;, 5. £ p") = b(X;, B.)}.
(2.5.88)

Taking a Taylor expansion,
H{FY[B(X;;p) £ p'w (X)) — FNB.(Xisp)} = p'bu(Xi, B, £9"0), (2.5.89)

for 6 € (0,1). We consider the + case of & in the following work. We require
a lower bound for b, (X;, B, +s) with s < ¢ and ¢ sufficiently small and follow
the method used to calculate (2.5.91). We have

bu(@; Bi + 8) = bu(z; 92(2)) + O(B — @2(z)) + O(s), (2.5.90)

where, for x € QN\Q[_ECY,@@,], B — @a(x) = vo + O(N') by (2.4.84) and
(2.5.10). Recalling (2.4.50), we can make C” sufficiently large and so vy is
bounded by a sufficiently small constant. Also by making N sufficiently large
and ¢ sufficiently small 5 — po(z) and s are sufficiently small. Finally, noting
(A3), we obtain

bu(z,B.(z) +5) =~* foraxe QN\Q[_€@,75@,], |s] < (. (2.5.91)

Putting this into (2.5.89) gives (2.5.87a).
Taking the positive case of (2.5.82a), we use (2.4.110) and (2.5.10) to get

CoCh
205

FNB(Xy;p) = Ipley® — CN~2 + O(?). (2.5.92)

Now putting this into (2.5.87a) gives

CoCh
205

+FN[B.(Xisp) + p'w] = p"y? — ON 2 + Ipler? + O(e).  (2.5.93)
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We want CN~2 to be dominated by the term p”+2. For this reason we choose
p” = C'"N~2 for the standard method in (2.5.12) where C’ sufficiently large

with C'N=2 > C{N~2/~2%. As 02(?
3
and as we have set up p” such that C N=2 is dominated we obtain (2.5.87b).

Iplev? > 0 and dominates the O(g%) term,

For the stabilised method this proof remains the same but with the small
alteration that p” = C’N~! for this method and p”+? now dominates the
CN~2 term. The explanation of the choice of p” for the stabilised method
will be given in §2.5.8. O

2.5.8 Discretisation of the Interface Boundary of the
Outer Region, I'Y N OON

We now consider the interface boundaries T'}Y_N QN . This refers to Fig-
ure 2.9b. Here we have the fictitious Neumann boundary condition described
n (2.5.63). The discrete version of this is

2

FU; = T (VU,Vx;)+b(X;,U;) = e%a;0; VX; e TY_naQY,
(2.5.94a)
where
4= T 74 vids, &5 = 6(X;). (2.5.94D)
We note for a; we have
aj = O(N). (2.5.95)

Similarly for the stabilised method we have

(VU,Vx,;)+b(X;,U,) = &(X;)a;0;, VX, e TY_naavN.
(2.5.96)

@55 (1, X])
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Lemma 2.5.10. Under the conditions of Lemma 2.5.8, for all |p| < po we

have

FY B = FB.(X)) = a;e® (4588% - ¢>

+O(N7?) VX; ey noa,
X

(2.5.97)
with a; = O(N) from (2.5.95).
Furthermore this holds true for FS])V and € replaced by Fg and £(X;) re-

spectively.

Proof. This proof resembles [14, Lemma 3.16]. We first note

62

FY Bt — FB.(X;) = a Xj>(wf,vxj) —%a;0; + 2 ABx,.  (2.5.98)

Putting (2.5.85) into (2.5.98) and cancelling terms we get

82

(17Xj)

8 *
{(V[ﬂf - B, Vix;) + ﬁﬂ; X; ai ds} — &2a;¢;.

(2.5.99)

Note for (2.5.85), the integral along 'Y is non zero and survives on the

interface. As in the outer region we use |[V[3' — f]| < ON7Y|B]lcz2(q),

0
(1,|Vxi|) K CN~tand (1, x;) > CN~2. Looking at 85’ the outward normal
n
derivative, is calculated at the points within O(N~1') of X, and we recall the

smoothness of 'y, to get

9B,  _ 0B,
on + or

+0 (N Bl ) (2.5.100)

Xj
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for X; € T4 N ON. We now have

2 0x
or

1 2
Xids —ea;p;
x, (Lxg) Jry, " as01)

+C<‘52||5H02(Q)-

FYBl — FB(X;) < Fe

Using the definition of a;, (2.5.94b), and bounds for ||3,]|c2(q) and e < CN ™!
we get the result (2.5.97). As £(X;) < CN~" the result holds for F and ¢
replaced by ﬁ’g and €(X;) respectively. O

We can now combine the discretisations for F{;{ o and Fév to get the full

discretisation on the interface boundary I'y,;

PN (han/2)FY . Uj+ (1/a))F}U;
= hin/2+1/a;

VX; eTy,. (2.5.102)

and combine FS])V and FSJZV[_T ., to get the full stabilised discretisation on the

interface boundary I'y;;

A

FNU' L (hiN/Q)Fé\[fﬂ—,-r]Uvj + (1/a]) é\[U-j
a hin/2+1/a;

VX, €Ty, (2.5.103)

In doing this we eliminate the auxiliary unknown function ¢(z) coming from

the fictitious Neumann boundary condition.

Lemma 2.5.11. Under the conditions of Lemma 2.5.7, for FYN of (2.5.102)

we have
IFNB.(X;) — FB.(X;)| K CN? VX; €Ty, (2.5.104a)
and for FN of (2.5.102) we have

I(FN — FN)B.(X;)| < CN7! VX, € Ty, (2.5.104b)
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Proof. We combine the bounds (2.5.74) and (2.5.97) by substituting them
into (2.5.102) for F{Z\E_T ., and Ff e,

N - hiN/Q 252 86* 2
" 5*(XJ) N Fﬁ*(X]) a hiN/2 + 1/aj [hiN <j: or i (b) TLN,j ' O(h )]
1/a; 2 9s 2
+—h:|:N/2+ 1/aj [8 a; <:F ar — Qb) N + O(N ) .
(2.5.105)
Simplifying this we get
|FNB.(X;) — FB.(X;)| = O(N72). (2.5.106)

For the stabilised method we recall that we have (2.5.74) and (2.5.97)
for the interfaces I'y, with ¢, Fs])\LT ; and Fév replaced by £(Xj), F{Z\LT ; and
ﬁév Combining these in (2.5.103) and noting h = Ceh from (2.5.10) and

a; = O(N) from (2.5.95) we have

(BN —FN)B.(X;)| =

a hiN/Q—i‘l/CLj

e? — &2(X;) ap eh(h? 4 €2h) + N2
<i8r I h+ N

(2.5.107)
Recalling the definition of & in (2.5.10) and noting that gf and ¢(z) are
bounded we have
. C(e? — &4(X;)) _
N — FNB(X;)] < L+ O (N7, 2.5.108
[ )< G o (v (25.108)

Hence we can get the desired result by writing 2 — £2(X;) = O(N~?) as we
have (2.2.3) and (2.5.6). O

103



ELLIPTIC PROBLEM EXHIBITING INTERIOR LAYER SOLUTIONS

Note that (2.5.104a) and (2.5.104b) imply
I(FN — F)B8,(X;)| < CN™' VX, ey, (2.5.109)

We can now set up sub and super solutions for the interface.

Lemma 2.5.12. Let N and C' be sufficiently large. Let C. < C,. Then
there exists w(X;) such that 0 < w(X;) < 1 and for all |p| < p* the function
Be(Xj;p) from (2.4.84) satisfies

H{FY[B.(X};p) £ C'N?w(X;)] — FNB.(X;;p)} = C'N 7242, (2.5.110a)
and

FN[B.(X;; —p) —C'N3(X;)] <0 < FN[B.(X;;p) +C'N72(X;)]. (2.5.110D)

These statements hold true for FN and C'N~2 replaced by FN and C'N~!

respectively.

Proof. The proof of this lemma for the standard method mirrors that of
Lemma 2.5.9 as (2.5.104a) and (2.4.110) still hold.
For the stabilised method we follow the steps of the proof of Lemma 2.5.9

until (2.5.93) where we instead have

CoC
LFN[B(X;ip) + (X)) = 'y — ON~H 4+ =21

2 3. (2.5.111
26, Pler® + 0, (25.111)

due to the bound (2.5.104b). In (2.5.12) we choose p” := C'N~! so that p"~?
dominates the term CN~!. As %\p[ayz dominates O(g3) we obtain the
3

desired results. O

We now have the necessary requirements for upper and lower solutions in

the entire domain and can obtain accuracy results for the discrete problem.
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2.5.9 Existence and Accuracy of Discrete Upper and

Lower Solutions, Pointwise Error Bounds for QV.

We now show there exist ordered discrete upper and lower solutions of the
form B, (Xy; +p) £p"w(X;), with p” defined in (2.5.12) for X; € Q" and hence
obtain accuracy results for the standard and stabilised methods, F~ and FN

respectively.

Theorem 2.5.5. Let the mesh {r;,1;} be the Shishkin mesh of §2.5.1. Set
C' = 4C, /5. For some w € |0,2] we assume coe = (C'N~11In N)*t=,

(i) If C. > 2, then there is a discrete solution U of (2.5.13), (2.5.80),
(2.5.102) such that for N sufficiently large,

N-lln N)2—= X, e Q.
\U(X@->—u<Xi>\<c{( )T for Xi € iry

N2 for X; € OM\Q(_, 1.
(2.5.112)
(i) If C. > 3, then there is a discrete solution U of (2.5.13), (2.5.80),
(2.5.102) with € replaced by £(X;) such that for N sufficiently large,

-1 2—w -1 ‘
U(X,) —u(X;)| < C (N~'In N) + N7 for X; € {2(—777)
N~ for X; € ON\Q ;1.
(2.5.113)

Proof. Firstly recalling (2.2.3) and h* < cpe from Lemma 2.5.5 we have, for
w € [0, 2],

~

coe = W7 > bt (2.5.114)

We choose p := C(e2 + h% + h'/e) and we can say p < Ch* @ and hence by
Lemma 2.5.5, Lemma 2.5.9 and Lemma 2.5.12 we have that

FN[B.(Xi; —p) — p'w(Xy)] <0 < FN[B(Xi;p) + p"w(Xy)],  (2.5.115)
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holds true for X; € QN where 0 < w(X;) < 1 is defined in (2.5.11) and p” is
defined in (2.5.12). By Lemma 2.4.10 with ¢ = 1 and p"w(X;) > 0 we have

B(Xi, —p) — p"w(X;) < B(X;,p) + p"w(X;), (2.5.116)
for X; € QN. By (A6) and p"w(X;) > 0 we have
B(Xi, —p) = p"w(Xi) < g(Xi) < B(Xi, p) + pw(Xi), (2.5.117)

for X; € 0. These properties imply 5(X;, £p) £ p”"w(X;) are ordered dis-
crete upper and lower solutions of the discrete problem (2.5.13), (2.5.80) and
(2.5.102) with (2.5.65) and (2.5.94).

As the discrete operator FV is a Z-field, we can invoke the theory of upper
and lower solutions, Lemma 1.0.1, and we find there exists a solution {U;}

such that
B(Xi, —p) — p'w(Xi) < U(X;) < B(Xi, p) + p'w(X5). (2.5.118)

Now considering the standard and stabilised method separately, we first
look at the standard method, i.c., where p” := C’N~2. We note Lemma 2.4.10

for the layer region can be written as
|B(2; £5) — tas(;0)| < Cx(|p] + h%) + Celp). (2.5.119)

For X; € Q(_; ;) combine (2.5.119) with Corollary 2.4.1 and recall (2.2.3)
to get

|1B(X5;£p) £ C'N 2w (X,) —u(X,)| < Cr(|p] +h?)+Celp| + CN2 (2.5.120)
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Using (2.5.118) it follows that
U(X:) — u(X,)| < CA(|p] + h?) + Celp| + CN72, (2.5.121)

and recalling the definition of A in (2.5.10) gives the first bound in (2.5.112).

For the outer region, Lemma 2.4.10 can be written as
|B(; 1) — tas(z;0)| < Cr(|p] + B2)e= N7/ 4 Celp). (2.5.122)
Using the same method again results in
U(X;) — u(X;)| < CA(|p| + h2)e” Ve 4 Celp| + CN72, (2.5.123)

for X; € Q. Recalling the choice of A sufficiently small in (2.5.34) we get
e~ (=N7/e < C N~ In the outer region we have chosen C. = 2 from (2.5.53).
Combining this in (2.5.123) gives

U(X;) —u(X;)| < C(|p| + AN~ 4 Celp| + CN72, (2.5.124)

and hence from the choice of p and h we get the bound for X; € QY in
(2.5.112).
For the stabilised method,

18(X;: ) £ C'N 7 w(X;) — u(X;)| < Ch(|p| + h2)e= OV 4 Celp| + CN 7,
(2.5.125)

for X; € QV. Following the same steps as above,

U(X;) —w(X,)| < C(|p| + h*) + CN71 for X, € Q_rpy,  (2.5.126)
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and C. = 3 from (2.5.62) we have
U(X;) — u(X,)| < O(p| + h?)N=3 4 Celp| + CN7Y, (2.5.127)

for X; € Q. Again noting the choice of p and h we get (2.5.113). [

As in [18] we now present a result for the case in which the relationship
between N and ¢ is stronger than what has already been considered. We look
at the case where

e<CON™™, (2.5.128)

for some @’ >4 — \.

Theorem 2.5.6. Let the mesh {r;,l;} be the Shishkin mesh of §2.5.1. Fiz
A€ (0,1). Assume that € < CN~ for somew >4— X and C >0, and N
is sufficiently large independently of <.

(i) If C; > 2, then there exists a solution U of the standard scheme (2.5.13),
(2.5.80), (2.5.102) such that

U(X;) — u(X;)| < ON~m2#' =28 < ON-CN for X, € OV Uy,
(2.5.129)

(ii) If C; > 1, then there exists a solution U of the stabilised scheme
(2.5.13), (2.5.80), (2.5.102) such that

U(X;) —u(X;))| SCN™'Y for X, € OV U, (2.5.130)

Proof. This proof follows Theorem 5.2 [18] now considered using the discreti-
sation of F'V in (2.5.13), (2.5.80) and (2.5.102) with (2.5.65) and (2.5.94), on

the domain Q.
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In this theorem we simplify the upper and lower solutions. Define p as
p = O N~ min{2=' =2} (2.5.131)

We base our upper and lower solutions around the function a(X;; p; I1) defined

as
©1(X;) +p  for X; € I,

i (2.5.132)
wo(X;) +p  for X; € QN\Il,

o(Xispy 1) = {

for some subdomain ;. We claim that a discrete upper solution to problem

(2.0.1) is given by
a(X;) = a(X;, p; {X; € QY UT,}), (2.5.133)
and a discrete lower solution is given by
a(X;) = a(X;, —p; {X; € QO UQ 1)), (2.5.134)

These are represented in Figure 2.12.

From the definition of &(X;) and &(X;) using (2.5.132) it can be easily
seen that a(X;) < a(X;) for all X; € QY. We now consider 4(X;), with
&(X;) being similar, and prove that it is an upper solution, i.e., we want to
show FN&(X;) > 0 for X; € QY and a(X;) > g(X;) for X; € 90V, Recalling
(A6) it is clear that &(X;) > g¢(X;) is true for X; € 0QY. We calculate
FN&(X;) > 0 in three regions, the layer region which has the discretisation
(2.5.13), the outer region in which we have (2.5.80) and the interface between
the two given by (2.5.65) and (2.5.94) combined in (2.5.102).

Recalling (A3) we have

1 _
b(Xi, (X)) = py* + O(p) = 5py* VX, € @Y, (2.5.135)

\)
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{11 HHH——

T -7 —T T

Figure 2.12: Sketch of &(X;) and &(X;), the upper and lower solutions defined
using (2.5.132), (2.5.133) and (2.5.134).

and hence b(X;, &(X;)) > 0. Note that @’ > 4 — X\ with A\ € (0,1) implies
w' > 3.

For the region x;; € (_;_p), we have &(x;;) = @a2(xi;) + p. We consider
FN&(x5) from (2.5.13). We have

—?ANa(2y;) = —*n; D, {ﬁijD;(P2<xij)] — %Dy [Eiij902(xij>} :
(2.5.136)
+ O(h?), using (2.5.13e) and (2.5.13f), we

ij

0
As pa(Tix1,5) = @a(wi5) £ h %

obtain the result
—e?ANG(z;5) = O(e?). (2.5.137)

Combining (2.5.135) and (2.5.137) in (2.5.13) gives

1
FNOA[(I'Z‘J‘) > *]5’72 + 0(82) for Ti; € Q(—T,T—h)' (25138)

N}

Recalling ¢ < CN~% and using the definition of p from (2.5.131) we can
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make C' sufficiently large such that $py? > CN=>* and hence F¥é(z;;) > 0
for x;; € Q7 r—p).

We now consider the point xy_ ; i.e., where ry_; = 7 — h, as there is a
jump in the solution &(X;) here from po(X;)+p to p1(X;)+p. The Laplacian

term is

—?ANa(zy-1;) = — 51, D, [ﬁNfl,jD;OAé(folJ)]

) (2.5.139)
—&*Cn-1,;D) {CN—LjDz_d(xN—l,j)} :

Noting the second term is O(g?), nix1; = ni; + O(h) and recalling the values

of &;; at the necessary points results in

82

—?AVa(rn_yy) = _ﬁ(wl(XN,j)_2902(XNfl,j)+902(XN72,j))+O(€2(1+h71))-
(2.5.140)
As ¢ (X;) for k = 1,2 is sufficiently smooth we have
2
~ € _
—*ANa(zno1y) = 75 (P2(Xn1) =91 (Xn15)) + O (1471)), (25.141)

and, from (A2), for N sufficiently large this is non-negative. Since b(z, &) > 0
we now have FN&(zy_1,;) > 0.
For X; € OV,

52

FNa(X;) = i X‘)(vaﬂ, Vi) + b(X;, &), (2.5.142)

and we want to show it is non-negative. We consider the region fl(l), with

2
(Val, Vyi). We

apply (2.5.85) to (V&, Vy;) where y; = 0 for X; € Q) implies the final term

O being similar, and look for an upper bound for
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is zero and thus
(Va!, V) = (V[a! —a], Vi) — (Ad, v,). (2.5.143)

Recalling the interpolation error estimate, |[V[&'—a]| < N7"|@l|c2(q), and the
standard quasiuniform mesh properties, (1,y;) = CN 2 and (1, |Vy;|) < CN~!

from §2.5.7, we can write

52

(LXZ')

(V&' Vx;) < &)|a| 2 - (2.5.144)

By a similar method as calculating |[ug||c2@q) < C in Lemma 2.5.6 we have

|4l c2(q) < C which then, along with e < CN~-=', gives

82

Recalling (2.5.135), (2.5.131) and @’ > 3,

(Va!, Vi) < CN~* (2.5.145)

P . , 1 -
CN~?7 L §C”yQN— min{2,e' =2} _ 50%@. (2.5.146)
Hence,
2
g
(Va!, Vx,) < b(X;, a), 2.5.147
() ) ) (25.147)

and so FN&(X;) > 0 for X; € Q.

For the interface T';, FNA(X;) from (2.5.102) can be calculated with
Fé\?_ﬂﬂo?(Xi) and F{, &(X;) defined in (2.5.65) and (2.5.94) respectively, giv-
ing

FN&(X;) = A1 + Ay + b( X, Gv), (2.5.148)
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where A; is defined as

hN/2 2, —1 ~ D_@Nj 2 — A
Al = —————— . — = — D D ; 2.5.149
! hy/2+ 1/6Lj lg "IN 5TIN 5 hy /2 €N, Z(CNJ ! OéN,J) , )
and A, is
1/a, e N
= Va , V)| . 2.5.150
2 hN/Q"‘l/CL] [(1,X1)( @ X> ( )

We want to show this is non-negative by looking for an upper bound for the
derivative terms and showing that b(Xy, &y) dominates this. As before we
have (2.5.135) for b(Xy, ay). For A; we have

2
Al hN/2 [ g

" hy/2+ 1/a; h?v/2(902(XN) —p1(Xn)) +O(*(1 + h—l))] (2.5.151)

which can be written as
Ay < CE2N(hyt + 1)+ 0(e?). (2.5.152)

For A, we again use (2.5.85) giving

1/a; e AT . ok
= - i) — (A&, xi in-ds| .
2 hN/Q‘I'l/a](]-,Xz) [(V[O& Oé],VX) ( &X)+]£TX87L S
(2.5.153)
ok R
As n < éllez@) < C,
1/a; g2
Ay| < J [ A1 — 8], V) — (Ad, )| + C id}.
‘ 2‘ hN/2+1/a_](17X2) ’(V[a O‘]7VX) ( C“?X) + fi_‘TX S
(2.5.154)

Using the mesh properties and interpolation error estimates above and recall-
ing the definition and order of a; from (2.5.94b) and (2.5.95) we now have

|As] < Ce*(1+ N). (2.5.155)
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Putting (2.5.152) and (2.5.155) together gives
|A; + Ay| < CE2N(hy' + 1)+ C*(1+ N). (2.5.156)

Recalling h = Ceh and h=' < C'N results in

|A; + Ay| < CeN?. (2.5.157)
Using (2.5.128) gives
|A; + Ay| < ONFH2, (2.5.158)
As @’ > 3, then
! ]. =, 3 / 1
CN—® +2 < 5072]\/’7 min{2,w' -2} _ 525,}/2’ (25159)

and we have established that FN&(X;) > 0 for X; € ;.
A similar argument holds true for &(X;) on I'_, where the solution is

©2(X;) + p. On this curve,

hy /2 e? 2 —1
Ay = Xn) — p2(X 1+h
LS 24 1a, h%\f/2(<'02( N) —p2(Xn)) + O (1+ 1)),

(2.5.160)

which can be simplified to
A =0@E1+n). (2.5.161)

Given A, from (2.5.155),

A+ Ay < CE2(1+h7Y) + C2N. (2.5.162)

114



ELLIPTIC PROBLEM EXHIBITING INTERIOR LAYER SOLUTIONS

As before this term is dominated by b(X;, &;) as
/ 1~ . /
CN—QW +1 < 5072]\]— mln{Q,w —2}7 (25163)

and we have FN&(X;) > 0 for X; € I'_,.

As we now have the necessary requirements; FYa(X;) > 0 for X; € QY
and &(X;) > g(X;) for X; € 9OV, then &(X;) is an upper solution of problem
(2.0.1). By a similar method we can establish that &(X;) is a lower solution
of problem (2.0.1). Hence there exists a discrete solution U(X;) such that
a(X;) < UX,) < a(X;) for X; € QY. For X; € OV Uy, with C; > 2,
o = up(z) + O(e? +p) = u(z) + O(N~™{2='=2}) and hence we get (2.5.129).

For the stabilised method we choose
p:=CN" (2.5.164)

The argument for FV&(x;;) > 0 holds true for the region Q_, ;) as &(x;;) = ¢
for z;; € Q(_,.,) and since @’ > 3 we have CN~1 > C N~ min{2='=2},
For the points zx_;; we have
(XA A(nor) = A (@ Xnr) 01 (X)) + O(E +EDR7).
(2.5.165)
Recalling (A2) we have for sufficiently large N, —£2(X;)AN&(zn-1;) = 0 and
hence FNa(zy_1,) > 0.

For X; € O we want to show (2.5.142) is non-negative with € replaced

™

by (X;) = CN~! from (2.5.6). Again using the standard quasiuniform mesh
properties we have the bound
£(Xi)

a Xf) (Vih, Vxi) < C&2, (2.5.166)
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1 1= o
and 51372 = 5072]\7*1 > CN~2 and hence FN& > 0 for X; € QV.
For X; € T, replace € with £(X;) in (2.5.148), and define A, and A, as
(2.5.149) and (2.5.150) respectively with e replaced by &(X;). For A, 4+ A,

we have

Ay + Ay, < CE(X;)N2. (2.5.167)

We note ¢; survives in the calculation of (2.5.167) unlike with the standard
method and so there is the extra term in 1211 + 1212, which was

(s ) & = o e (2:5.168)

however this term does not change the bound (2.5.167). Next, A; 4+ A, is
dominated by 1py? = L1Cy2N~! > CN~! with C chosen sufficiently large
and by recalling (2.5.6) and we have FN&(X;) > 0 for X; € T',.

Finally for X; e I'_,|

A A

A+ Ay < CE2(1+ 7Y+ 08(X)(1+ N), (2.5.169)

and hence
Ay 4+ A, < CE4(X;)N. (2.5.170)

By the argument above we have FN&(X;) > 0 for X; € I'_,.

Hence FNA(X;) > 0 for X; € QY and a(X;) > g(X;) for X; € 9QV
holds. By a similar method we can establish that &(X;) is a lower so-
lution to (2.0.1). Hence there exists a discrete solution U(X;) such that
a(X;) <UX;) < a(X;). If O > 1, we can say afz) = u(z) + O(E2 + N
for X; € QN U I'y,, and hence we have proven (2.5.130). O
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Remark 2.5.7. Postprocessing
We also consider using postprocessing for small values of € to gain e-uniform
accuracy in QV for all ¢ < ON~'. This is done in [18] for the one-dimensional
case and is extended to two dimensions here. Postprocessing is used to deal
with smaller values of ¢, i.e., for ¢ € (0,&) with & :== CN~2 In® N for some
positive constant N. As in the above work we will use the notation w;;
and u;; = u(z;;) for the mesh and solution in the layer region and X; and
u; = u(X;) in the outer region, combining these and using X; and u; = u(X;)
in the entire domain.

We use the notation u; to represent the discrete solution of (2.0.1) with &

on the mesh X; defined with the mesh transition parameter

C;_
7(€) == —£&In N. (2.5.171)
f)/
Note that we are redefining the notation z;; from previous sections for the
purposes of this proof only. The post-processed solution is defined as @;; and
.
For the outer region Xz- = X, and @; := u;, and for the layer region we
. —N s . . I ~ 8771'
compress the computed solution u;; in the r direction by writing Z;; := z | —,{;
€
and ﬂij = l_LU
We look for the bound

max |a) — u(X;)| < max |a(X;) — u(X;)| 4+ max juY —a(X;)].  (2.5.172)
i J J

The requirements of Theorem 2.5.5 are met by & with w = 0, i.e., ¢z >
(C'N~'In N)? is true, and hence

jaY —a(X;)] < CN?In® N, (2.5.173)
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for the standard method and
juY —a(X;)| <CN, (2.5.174)
for the stabilised method. For the remaining term in (2.5.172), we have
a(X;) = u(X))| < |a(X;) — UK, 8)] + Ju(X;) UK )| Vi, (2.5.175)

where U(X;,¢) is defined in (2.4.79) and U(X;, &) = U(X;, ¢).
Using Corollary 2.4.1 and Lemma 2.4.6 with ¢; = 7(¢) gives

u(X;) — U(X;,e)| < 7() + Ce™. (2.5.176)

Hence using the definition of 7(&) from (2.5.171) along with (2.5.175) and
(2.5.176) we have

[u(X;) —u(X;)| < CN~2In* N. (2.5.177)
Combining (2.5.177), (2.5.173) and (2.5.174) in (2.5.172) results in
[y —u(X;)| <CN?In* N, VX;eQV, (2.5.178)
for the standard method and

[ —u(X;)] < Cmax{N>In* N,N7'}, VX, Q" (2.5.179)

for the stabilised method.
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2.6 Conclusions

We have obtained accuracy results for the two-dimensional elliptic interior
layer problem (2.0.1). By considering an example it was clear that the sta-
bilised method was required for this problem; the conventional method gave
incorrect computed solutions. This example is considered in further detail in
Chapter 5.

Using asymptotic analysis that had previously been carried out we ob-
tained upper and lower solutions. In the layer region we employed the finite
difference method in curvilinear coordinates while in the outer region we used
lumped mass finite elements on a quasiuniform mesh. By doing this we were
able to employ the theory of Z-fields. On the interface between the outer
region and the layer region we employed a fictitious Neumann condition, giv-
ing a discretisation for the outer region side of the curve in the finite element
method and a discretisation for the layer side of the curve in the finite dif-
ference method. These were combined to get a discretisation for the curve,
eliminating the fictitious Neumann condition. Discrete upper and lower solu-
tions were obtained and existence of an exact solution between these discrete
solutions was proven.

The problem was considered on the Shishkin mesh only, using the Bakhvalov
mesh would have added considerable difficulty to the problem. The trunca-
tion error of the system was found to be O(N~'In N)?™®) and O(N~?)
for the layer region and the outer region respectively with the conventional
method and O((N'In N)*>*® + N=1) and O(N~!) for the layer region and
the outer region with the stabilised method. Here coe > (C'N~'In N)?+=
with w € [0,2]. In the case where the relationship between ¢ and N was
stronger than e < CN !, that is € < CN~= for some @' > 4— A, the trunca-
tion error was found to be O(N~(~Y) for the standard method and O(N 1)

for the stabilised method. As these results are not e-uniform, we performed
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post-processing and found the truncation error of the standard method to
be O(N~—2In* N) and the stabilised method to be O(max{N~2In* N, N~'})
with post-processing for ¢ € (0,&) with & := CN~2In® N for some positive
constant V. These results are consistent with the one-dimensional analysis
[18].
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2.7 Technical Properties of the Asymptotic
Analysis

2.7.1 Order of I

This section includes technical results that have been used in §2.4. We want
to find equations for the terms vo(z), v1(x) and vy(x) from the asymptotic
expansion of u(z). We also find the order of the system in the different
regions. Here u, (z) = ug(x) 4+ 2uz(z) + (vo(z) + vy (z) + £2v9(z))I(2) where
J(x) is the smooth cut off function described after (2.4.29). For presentation
purposes we assume p = 0 in the following work. For p # 0 the following is
unchanged. Throughout this section we assume z = xz(r,[), zo = x(0,[) and
¥, o, v1, ete, are ¥(x), vo(§, 5 p), v1(&,1;p), ete.

The domain € can be considered in three cases; the outer region Q\Q.,,
and two regions of the interior layer, % < |r] € ¢ and |r] < % In the
outer region ¥(x) = 0 and the v;(x) terms disappear from the asymptotic
expansion. Recall J(x) from (2.4.29), in the interior layer region ¥(z) = 1
when |r| < 02—1 and goes to zero in % < |r| € ¢1. Recall o can by represented
by © =z + e&n(l) where z is defined in (2.4.13).

We first obtain accuracy for F(ug + €?usy) for all ¢ Ty in the following

lemma.

Lemma 2.7.1. For the asymptotic expansion ug(x) + *us(z) of problem

(2.0.1) away from Ty we have accuracy

F(ug + €%up) = O(e*)  for x € Q\Iy. (2.7.1)
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Proof. For the region away from the layer,
F(ug + €%up) = —e*A(ug + €*up) + B(z, e%uy). (2.7.2)

We want to prove this is O(e?). Performing a Taylor expansion of B(z,£%us)

about ¢ gives

F(up+e®uy) = —e*Augt+euy)+B(x, 0)+euy By (z, O)+;54U§Bss(x, 2uy0(x)).
(2.7.3)

combining B(z,0) = 0, By(z,e%usf(x)) = O(1) and (2.4.8) where Auy =

usBs(2,0) we arrive at the desired result (2.7.1). O

We have the following corollary to this lemma showing the accuracy in

the region %1 < rl.

Corollary 2.7.1. For the asymptotic expansion u.s(x;p) of problem (2.0.1)

we have accuracy

F(ugs(z;p)) = O(Y)  for % < Irl. (2.7.4)

Proof. In view of Lemma 2.7.1 it remains to estimate Fu,s for % <r<c.
In this region ug,(z;p) 1= up+e>us+ (vo+evy +€2v9 )0 where v; with i = 0,1, 2
are exponentially small in this region and J(z) takes values in (0, 1). For the

nonlinear function,

B(z,e%ug + (vo + vy + e2v9)9) = B(w, %uy) (2.75)
+(vo + vy + €2v0) VB (z, €%ug + (vo + vy + £21,)00), o

for 6 € (0,1). Looking at the Laplacian of u,s(z) we have

—2 Ay = —2A(ug + e*ug) — 2 A((vg + vy + 2un)V) + O(e?),  (2.7.6)
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where the second term is exponentially small. We note the second term in

(2.7.5) is exponentially small as well and combine this with (2.7.6) to get
Fug(z;p) = —*Aug + €2up) + B(z, e%uy) + O(e?). (2.7.7)

Using Lemma 2.7.1 we now obtain (2.7.4). O

Next, we derive similar results for the interior layer, i.e., the region |r| <
%. In this region ¥(x) = 1 and so the asymptotic expansion here is uqs(x; p) ==
uo(2) + *ug() + vo(§,1;p) + evi (&, ;) 4 2v2(€, 1 p). Also, x = Z + e&n(l)
in these regions.

In the following lemma we use Taylor expansions to represent

s=vo+Ev1 +52v2

B(z, %us(x) + 5)

(2.7.8)

s=0 ’

in a form that will be easier to differentiate with respect to €. This will be

used in Lemma 2.7.3 to calculate Fu,s for |r| < %

Lemma 2.7.2. For the nonlinear function B(z, s) defined in (2.4.26) we have

s=vp+ev1 +€2v2

[B(x,*us(w) +5) = Bla,s)| | = &%us(%) By(7, 5)| " + O(?).
(2.7.9)
Proof. Firstly,
{B(z,»sQuQ(x) +s) — B(x, s)} z:zﬁwﬁs "= e2uy () By(m, 5) :SO +O(?).

(2.7.10)
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Expanding this about x = & gives

s=v0p+€v1 +52v2

[B(x, e2uy(x) + s) — B(z, s)]

(82u2(:c) + &3¢ %UQ

s=0

) [Bo(#,5) + e6Ba(E +2£0,5)] | + O(?),

r=T+e£0
(2.7.11)
Using the mean value theorem this can be written as
S=V EV 527) S=V
Bz, 2us(w) +5) = Bla,s)| [ = un(@) B, s)|
+ 5311,2((%)57}08357»(:2' + 559, 8)‘5:01)0 <2712)
, ou (
+ 3 uy o [Bus(#,5) + e€Baar (T + €60, 5)] |+ O(e%),
87" - s=0vq

As & — +o00, vy decays exponentially by (2.4.50), hence |£"vg| is bounded
and as B(z, s) and its derivatives are bounded we get the desired result.

As B(z, s) and its derivatives are bounded we can write

s=vo+ev1 +52v2 S§=

[B(:r;, e*uy () + s) — B(z, 3)}

= %uy(7) By(7, 5)

V0 3

o +0 (8 fv(]) )
(2.7.13)

As £ — 00, vy decays exponentially by (2.4.50) giving the desired result.

[

s=0

S=

Lemma 2.7.3. For the asymptotic expansion u.s(x;p) of problem (2.0.1) we
have accuracy
Flua(x:p) = O()  for |r] < 5 (2.7.14)
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Proof. As ¥(x) =1 in this region,

Fugs = —€2A(ug +e*uy) — e*Avg + vy +20y) + B(x, €%ug + vg + evy + €23),
(2.7.15)

and using Lemma 2.7.1 this becomes

s=vo+ev1 +52v2

Fugs = —*A(vg +evy +€209) + B(x, £%ug + 5) +0(e"). (2.7.16)

s=0

We now call on Lemma 2.7.2 to find

Fu,s = — 2 A(vy + vy + €%02) + Bz, s) sizo+svl+5 ve

o (2.7.17)
+0(£%).

+ e2uy(Z) B,

s=0,2=T
Recalling z = & + €én(l), we define G(¢) as

s=vo+Ev1 —0—521)2

G(e) := B(z + €&, ) - : (2.7.18)
and find the Taylor expansion of G(g) about € = 0, i.e.,
g2 o
G(e) = G(0) +eG'(0) + 5G"(0) + 56" ("), (2.7.19)
for some €* € (0,¢). The necessary derivatives are
8B s:vo+5v1+52v2 (9B
G'(e) =&—- + (vg + 2609) —— : (2.7.20)
or | 0s | _ 5
5= s=vo+ev1+e“v2
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s=vg+evi+evo

0’°B
" _¢2Y =
g <8) a 8T2 s=0
2B ,0?B OB
2 2 2 — 42
* < S(Ul * 6U2)8T88 * (Ul + €U2) Os 2 - s 88 ) s:vo+sv1+€2v2’
(2.7.21)
and
y .O3B s=vo+evi+evg 83B 3
G"(e) = 53W B + <(vl + 2e15)? F + 3&%(vy + 26’(}2)8 29
aSB 82B 823
+3£(U1 + 2€U2)28T882 + 6U2 (Ul + 261]2)@ + 651}2 858T> s=vg+ev]+e2vs
(2.7.22)
If s =0, B(z,s) and any derivatives with respect to r are zero giving
G(0) = B(z, vo), (2.7.23)
0B 0B
/ _ _ R
o0 = (5 ng)| (2724
and
9’B ,0*B 0B
" 2 209 —— 2.7.2
5'0) - (95 +2e0 5 0 +utS 0+ a) (2.7.25)
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By the mean value theorem we can simplify the first term in G”(¢) giving
4
3

Ir3ds s=0(vo+evi+e2v2)

SB ) 3
-3 3¢ (v1 + 28@2)81”285

G"(e) = 53(00 +ev1 + 521}2)

NG,
+ ((vl + 2ev5)? s

B 0°B 0°B
+3&(vy + 2€U2)28r852 + 6vg(v1 + 2609) — 95 + 65028 o )

s=vo+evi+e2vo

(2.7.26)

for some 6 € (0,1). Note |{"v;| is bounded for n = 1,2,3 and ¢ = 0,1,2 as
v; decays exponentially as £ — co. Also note B(x, s) and its derivatives are
bounded, hence G"”(¢*) = O(1).

Putting G(e) back into Fu,s and rewriting A using (2.4.28) gives

2

Fu,s = 852 —(vo +evy +¢ vg) — 5/{8—5(7)0 + evy + 521}2)
0
- 524“5 (Cal(vo +evg + 522;2)>
0B 0B
+ B(Z,v) + ¢ <£ + v — 5 ) o (2.7.27)
L 562—B+§v 0’B +1)182 o (9B
2 0r2 > lords | 205 P0s )| Ly s
aB S=V0, = T
+ cuy(z )83 o + O(&%).
From this we can extract the equations for vy, v; and vy,
o*v _
—~ @520 + B(Z,v9) = 0, (2.7.28)
82111 0B 81}0 0B
- o =Ko — & 2.7.29
652 . s s=v0,T= : 85 g or s=vg z—:v’ ( )
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821}2 8B c%l 8 8@0
‘%2+Wasij—“%*<m<ﬂw
7 o e 2.7.30
(eon, en sy e BT
2ot aras T 208 )|, T s |
All that remains is
Ovsy 0 0
_ 300 3.0 /(.0 3
Fu,s = —¢°k o 5 C@l (Cal (v +€v2)> + 0(e?), (2.7.31)
and this is clearly O(g?). O

2.7.2 Truncation Error Analysis

We present truncation error analysis for a one-dimensional Laplace operator
on a uniform and a non-uniform mesh. These are combined in §2.5.3 in order
to obtain results for (2.5.13).

Let w(t) be some function. We consider
Muw = —g(t)(p()w' ()’ (2.7.32)

and want to evaluate the truncation error R; := MNw,; — (Mw);. Assume
there is a discontinuity in w(t) at t = 0. The discrete analogue of (2.7.32) on

a non uniform mesh is

MYNw® .= —¢;D (ﬁiD_wZN) fori=1,...N —1, (2.7.33a)

(2

where

D_wi = (wz — wi_l)/ki, l)UJZ = (wi+1 — @UZ)/R’Z, (2733b)
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ki = (k’z -+ ki+1)/27 k?z = tz - ti—l and ]32 = p_% (2733C>

7

We have the following lemma for a uniform mesh.

Lemma 2.7.4. Let [w9| < C and |[pY| < C for j = 0,...,6, and k; = k.
The truncation error R; :== M™w; — (Mw); of (2.5.15) with t # 0 is

Ri = —akq; (") + (pw')"); + OKY), (2.7.34

1
223!
Proof. Define v := pw" and V,_

with oy =

V. . . . .1 .
R = q; |v; — - . (2.7.35)

Taking Taylor expansions of v, 1 and ;1 about t; yields

k / k1 " k1 " k1 (4) 5
Vgl = Ui EGU+ pov Eggvn T op gt T+ O(k’). (2.7.36)

Considering (2.7.35) we have

v — T o g kR + O(KY), (2.7.37)

1
with Q= 2273'

Now writing V;, 1 — v, 1 it in its original form we have
2 2

Wit — Wy !
Vitl = Vgl = Digl v (tz‘+§> :

(2.7.38)
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A Taylor expansion on w; and w;;; about ¢;, 1 gives

k /{32 W kS 1 w!"
Wlerg)ey Tt Gy T oty E grgi iy (2.7.39)
JZ W k° 1 w® 6 :
—l—gﬁ i255| 1+O(k)

Putting these into (2.7.38) and obtaining a similar result for the case with
ti 1 gives

+ O(K®), (2.7.40)

ok w/” + ask? w

87 Pl

1
where ay 1= S Recall the definition of p in (2.5.15), i.e., ﬁ(iJr%)i

% = pij:%v
we now write
itz
(Vi+l - Uz‘+l) - (Vz‘—l - Ui—l) K (alpw’” T a2k2pw(5)) i—i 4
2 2 k 2 2 — k 2 + O(k )
(2.7.41)

Simplifying this yields

(Viey =viay) = (Viey = vy
k

) — oy k? (( ///) +O(k2)) + O(/C4), (2.7.42)

Combining (2.7.37) and (2.7.42) in (2.7.35) and rewriting v; = (pw’); gives
the desired result. O

Now consider the truncation error for a non uniform mesh. This is used

in (2.5.13) to obtain the truncation error of derivatives with respect to [.

Lemma 2.7.5. Let [wW| < C and [pY¥| < C for j = 0,...,3. For a non

uniform mesh the truncation error R; := MY w; — (Mw); of (2.5.15) is

R, = O(k) (2.7.43)
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where k = max k;.

Proof. We set up the problem in a similar way to the previous case. Define

v = pw’ and Vi1 = piD~w; and R; becomes

V. . . .1 1
Ry =qi |v; — 2 — 2 221 (2.7.44)

Taking a Taylor expansion of v, 1 and v;_ 1 about t; gives

Vipl = Uit ;vl’- +O0(k?), v_1=v;— §v§ + O(K?), (2.7.45)

2

where £ = max k;. Combining these gives

Vgl — U1
v — *T = O(k). (2.7.46)
Calculating Vi 1 — v;p1 = Pit w —wi, 1| we use (2.7.39) to
i+1 2

O(k?) with k replaced by k; 1 and consider the case for i—1 similarly, resulting
in

V.

)

11— v = O(K?). (2.7.47)
Combining this information in (2.7.44) we get (2.7.43). O
Finally we consider the truncation error across the discontinuity at ¢ = 0.

Lemma 2.7.6. Let |[w"Y)| < Ca and [p¥)| < C for j = 0,...,3 and some
positive constant a. For the case with discontinuous derivatives across t = 0,

the truncation error of (2.7.32) on a uniform mesh is

MY w(0) — ; {Mw(0%) + Mu(07)}, =

1

~aiy {pw”’ —pw'} + O(ka),

(2.7.48)
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where w® = w(0%).

Proof. As beforelet v := pw' and define R; := MY w(0)—4 {Mw(0%) + Mw(07)}

ie.,

1)

R, =g ;(v;” + Ui_/> e e (Vi+§ - Ui—i—%) - (V;_% — vi_%)

Doing a Taylor expansion of v, 1 and (N} about the point 7 gives,

Vixl = Uy

k
S §v;t’ + O(k%a), (2.7.50)
where v = v(0%). Putting this into (2.7.52) gives
1 + _ 1 +/ _/
— = %(Uz —v; )+ i(vl +v; ) + O(ka). (2.7.51)

Noting (2.7.40) we have Vi 1 —v; 11 = O(k*a). Combining this information

results in

1 / / 1 1 !/ /
R;=gq 5(“? +U[)—{k(vf—v{)+2(vi+ +v{)}+0(k’a)]. (2.7.52)

Simplifying this and recalling v; := (pw'); yields the desired result.
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Chapter 3

Singularly Perturbed Nonlinear
Time-Dependent Parabolic
Problem with Singularly
Perturbed Neumann Boundary
Conditions

We consider the following nonlinear singularly perturbed time-dependent

parabolic equation with singularly perturbed Neumann boundary conditions,

and

2 (Ou O _
Tu:=¢ (E)t 92 + f(z,t,u) =0, (3.0.1a)
for (z,t) € D:={(z,t) €[0,1] x [0,T], T € R"}, (3.0.1b)
ou ou
€ 9 » =go(t), ¢ P . =gi(t) fortel0,T] (3.0.1c)
u(z,0) = ¢(x) for z €[0,1], (3.0.1d)
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where go(t), g1(t), f(x,t,u) are sufficiently smooth and 0 < ¢ < gy < 1. We
consider this system with a nonlinear function f(x,t,u). As in Chapter 2,
we have multiple solutions to the reduced problem, f(z,t,u) = 0. We again
do not assume f,(z,t,u) > 0 and instead make weaker local assumptions
described in §3.1.

We enforce compatibility conditions at © = 0, ¢ = 0 so that we obtain
a sufficiently smooth solution and remove the existence of corner layer func-
tions. As in the previous chapter we will obtain existence and accuracy re-
sults for (3.0.1) and present a numerical scheme for a solution to the problem.
Calling on the theory of upper and lower solutions and the theory of Z-fields,
accuracy results will be obtained for the computed solution.

We have the following proposition that there is a unique solution to the

continuous problem.
Proposition 3.0.1. Problem (3.0.1) has at most one solution.

Proof. A similar proof can be found in [16, Proposition 2.1] for the Dirichlet
problem and we make alterations to their argument for the case of Neumann
boundary conditions similar to that done in [31, Proposition 3.1.1] for homo-
geneous boundary conditions.

Suppose there are two solutions to (3.0.1); @(z,t) and u(x,t). Define
d(x,t) = u(x,t) — u(x,t) where

2(0 PNy patd) — fot @) =0 (3.0.2)
S x,t, 0 x,t,u) =0, 0.
od od
d(fL‘,O) = 0, 5& - = E% - =0. (303)

We have |u|, |u| < K; and hence,

fulz,t,u) > =Ky  forxzel0,1],t€[0,T], u e [—Ky, Ky, (3.0.4)
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for some positive constants K; and K,. Also

flast )~ fat) = [ " (et 5)ds, (3.0.5)

which using a change of variable, § = u + s(u — u), becomes

Fla ) — fla,t,d) = (i — ) /O1 Fulo bt s(i—a)ds.  (3.0.6)

and we define p(x,t) := [y fu(x,t, 4 + sd)ds and note p(z,t) > —K,. Now

using the transformation z(z,t) := (@ — u)e” 52"/<* we get
dz 0%z
2 - — I prm—
£ (825 (%2) + (Ko + p(x,t))z = 0. (3.0.7)
0z 0z
0)=0 — =e— = 0. 3.0.8
2(2,00=0, eg i (3.0.8)

By the maximum principle [28, Chapter 3], z(z,t) = 0 for all (z,t) as
K5 + p(x,t) > 0 and hence by the definition of z(z, t) we have a(x,t) = u(z,t).
O]

3.1 Hypothesis for the Continuous Problem

We consider (3.0.1) under the following assumptions. Similar assumptions
can be found in [2] and some resemble those of the two-dimensional interior
layer problem in Chapter 2.

There exists ug(z, t), a sufficiently smooth solution of the reduced problem,
ie.,

f(z,t,up(z,t)) =0, (3.1.1)

such that
fulz, t,up(z,t)) > 7?2 > 0 for (x,t) € D, (B1)
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i.e., up(z,t) is a stable solution to the reduced equation. As f(x,t,u(x,t)) is
nonlinear ug(z,t) is not necessarily the unique solution to f(z,t, u(z,t)) = 0.

There exists a sufficiently smooth function A(¢) such that

A(t) t
/ f(0,t,up(0,t) + s)ds = 902< ), (B2)
0
and for the nonlinear function,
sf(0,t,up(0,¢) +s) >0 for s € (0,A(t)] . (B3)

This assumption can also be found in [2] in a different form.

Remark 3.1.1. We note that if (3.0.1) has the condition f(z,t,u(z,t)) > 0
for all (z,t,u) € [0,1] x [0,7] x R then the problem becomes simpler as
(B3) is automatically met. Conditions (B2) and (B3) are required for exis-
tence of boundary layer functions. The importance of these will be seen in

Lemma 3.3.2 and a discussion on (B3) is included in Remark 3.3.1.

The initial condition is in the domain of attraction of the reduced solution,
ie.,

sf(x,0,up(z,0)+s) >0 for s e (0,p(x) —uo(z,0)], (B4)

where the notation (a, b]" is defined as (a, b] when a < b and (b, a] when b < a.
This assumption is found by considering (3.0.1a) near ¢ = 0, i.e.,
,0u

S + f(z,0,u(z,0)) =0 for ¢t~ 0. (3.1.2)

Consider Figure 3.1 representing the domain of attraction, when ¢(z) < ug(z,0)
then we have f(z,0,u(z,0)+s) < 0 so that ¢(z) is in the domain of attraction

of up(x,0). As p(z) < up(z,0) then s < 0 and we have sf(z, 0, ug(x,0) + s) > 0.
Alternatively when ¢(z) > ug(z,0) then f(z,0,u(z,0)+s) > 0. As ¢(x) > uo(z,0)
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then s > 0 and we again get sf(x,0,up(z,0) + s) > 0.

A i

fu<O
f>0
U f:
fu>0
v if ug—p <0 f<0 f=0
fu<O
>

Figure 3.1: Domain of attraction of the stable solution uy(x,0), including two
unstable solutions u and .

Under assumptions (B1)-(B4) we have a unique asymptotic solution.

Remark 3.1.2. The assumptions (B1)-(B4) are the same assumptions that
appear in [2] however we present these in a different form that allows us
to easily show their use in proving existence of boundary and initial layer

functions in §3.3. For example see Lemma 3.3.2 for the use of (B2).

We also assume ¢ is small, i.e.,
e<ONT 4+ M7V?), (3.1.3)

where N and M are the number of space steps and time steps respectively.
As in the previous chapter, the following analysis would be very different if &

were not small.

137



TIME-DEPENDENT PARABOLIC PROBLEM WITH SINGULARLY
PERTURBED NEUMANN BOUNDARY CONDITIONS

To avoid considering cases and without loss of generality we assume

up(z,0) < p(x) for x € [0,1], (3.1.4)
go(t) <0 forte 0,77, (3.1.5)
and 5
Up .
E’% - = gl<t) for t € [O7T] (316)

The final equation, (3.1.6), simplifies our presentation as there is no longer a

boundary layer at x = 1.

3.1.1 Compatibility Condition

With an equation of type (3.0.1) there is the possibility of existence of corner
layers. These corner layers can appear as the boundary condition and initial
condition do not necessarily match in the corners. In this situation the corner
is dealt with separately from the initial and boundary layer; both x and ¢ are
rescaled in this region, i.e., x = ¢ and t = %7, and corner layer functions
are considered, i.e., qo(&,7) + €q1(€,7) + O(?). By doing this the rescaled
equation remains as a parabolic partial differential equation and can be more
difficult to solve. We note that these compatibility conditions are not required
in [2] as time periodic solutions are considered with smooth data and hence
there are no initial or corner layers.

We restrict our analysis to sufficiently smooth solutions and so introduce
compatibility conditions such that the boundary and initial conditions match

at the corners. At z = 0, t = 0 we require the following compatibility

0
condition to be met; ¢ k. g1(0) for I = 0,1. Within our framework we

ox

=l
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assume ¢;(t) and ¢(z) are independent of € and hence we have

¢

al = q(0)=0 1=0,1. (3.1.7)

=l

In general we can have ¢(z,¢), go(t,e) and f(x,t,u,e) in which case (3.1.7)
is not necessarily equal to zero, i.e., we can have ¢;(0) = O(e) for | = 0, 1.
We note ¢1(0) = 0 is not required for our analysis but as we say ¢(x) and
gi(t) are independent of ¢ we include this.

We make two further assumptions to avoid considering corner layers.

Firstly we assume
f(,0,0(1))=0 1=0,1. (3.1.8)

Condition (3.1.8) can be found in the Dirichlet case, i.e., [16], and is used here
so that the zeroth order corner layer function is zero as described in §3.6.2.
From (3.1.8) we get

up(l,0) = (1) 1=0,1, (3.1.9)

by the following method. Consider (B4) at t = 0 and, for example, x = 0,
sf(0,0,u0(0,0) +5s) >0 for s € (0,0(0) —up(0,0)], (3.1.10)
and by (3.1.4) we can say s > 0. Assuming s > 0 then,
£(0,0,u0(0,0) +s) >0 for s € (0,0(0) — ug(0,0)], (3.1.11)
and for a specific s i.e., sop = ©(0) — u(0,0), then,
£(0,0,4(0)) > 0. (3.1.12)

This contradicts (3.1.8) and so s % 0, therefore s =0, i.e., at =0, t = 0 we
have uy(0,0) = ¢(0). A similar argument holds true for z = 1 giving (3.1.9).
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The second assumption we make to avoid considering corner layers is

8u0

r=0,t=0

Due to (3.1.6) we do not need a version of (3.1.13) at x = 1.

Remark 3.1.3. For our analysis we require (3.1.13) to be met but in the case

that wug is not readily available we can instead assume the stronger condition
f(0,0,8) =0, (3.1.14)

for all s in the domain of attraction of the reduced solution. Taking the

derivative of (3.1.1) we have

duo

5y Ju(@ b uo(z, 1)) = 0. (3.1.15)

folx, tup(z,t)) +

Evaluating (3.1.15) at x = 0, t = 0 we can use (3.1.14) to see that (3.1.13) is
satisfied.

Without (3.1.13) the O(ge) corner layer function is not zero. Instead it
is given by a homogeneous partial differential equation with constant coef-
ficients. We refer the reader to §3.6.2 and specifically Remark 3.6.1 for a
discussion of this equation.

Combining (3.1.7), (3.1.9) and (3.1.13) we have the condition

99| _ a(0) =0, () —up(,0)=0, 1=0,1, (B5a)
ox ot
Ouo ~0. (B5b)
O 2=0,t=0

In §3.6.2 we show that (B5) implies the corner layer functions ¢o(&, 7) and

q1(&, ) are zero.
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3.1.2 Properties of the Auxiliary Nonlinear Function

F(x,t,u)

We note that as in Chapter 2 for the nonlinear function, f(x,t,u), we define

F(z,t,s) := f(x,t,up + s),

and give a perturbed version, F, for p sufficiently small,

F(z,t,s;p) == f(x,t,uo + s) — ps,

The following statements hold for F(z,t, s):

F(z,t,0) =0,
and OF O*F
a_ = 07 2 = 07
ox | _, oz* | _,
and so OF P2
A < C y | T o < C )
Recalling the notation v Z;ng =0

OF
ot

OF

ot

= O’
s=0

< Csl.

(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(@ +b) —v(a) —v(b) in §1.2.1, for the
function F(z,t,u) with F(z,t,0) = F(z,t,0) = 0, we have

F(z,t,)[¢4" = abEy((a + b)d) = O(|ab]),

for some 0 € (0,1).

(3.1.21)
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3.2 Existence and Accuracy of Discrete Solu-

tions; Main Results

We present the main results of the chapter, that is existence and accuracy
of a discrete solution to problem (3.0.1) of the standard finite difference dis-
cretisation given by (3.4.1) using the conventional method and the stabilised

scheme given by (3.4.5).

Theorem 3.2.1. For N sufficiently large, € sufficiently small and the meshes
defined in §5.4.2 and §3.4.2 there exists solutions U;; and (A]ij to (3.4.1) and
(3.4.5). Furthermore for the bilinear interpolants of U;; and (A]ij, Uilj and ﬁfj,
we have

I -2 2m -1 m
Uij(z,t) —u(z,t)| <CN“In"" N+ CM ™" In™ M, (3.2.1)
AT —21..2m —-11,,m
Uij(z,t) —u(z,t)| K CN“In"" N+ CM ™" In™ M, (3.2.2)

for all (x,t) € [0,1] x [0, T] where u(x,t) is the unique solution of (3.0.1) and
m = 0 for the Bakhvalov mesh and m = 1 for the Shishkin mesh.

3.3 Asymptotic Analysis

So far we know a solution to (3.0.1) lies close to the reduced solution in the
majority of the domain. Near x = 0 there is a boundary layer and near ¢t = 0
there is an initial layer. Away from these layers the asymptotic expansion
of u(z,t) is close to ug(x,t), which is the solution to the reduced problem,
f(z,t,up(x,t)) = 0. For accuracy of the system away from z = 0 and ¢ = 0,

there is the following lemma.
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Lemma 3.3.1. For the function uy(z,t) of (3.1.1),
Tuo(z,t) = O(?)  for (x,t) € (0,1] x (0,7]. (3.3.1)

Proof. This proof is included in Lemma 3.6.1. O

The asymptotic expansion of u(x,t) is expected to be of the form

Ugs (T, 1) := ug(x,t) + vo(&, 1) + cv1 (&, 1) + wolz, 7), (3.3.2)
where .
x
§ = - TE (3.3.3)

vo(&,t) and vy (&, t) are boundary layer functions and wy(x,7) is an initial
layer function.

In general u,s(z,t) also includes corner layer functions such as
uas(xa t) = UO(ZL‘, t)+v0(§, t) +ev (ga t) +U)0(l’, T)+QO(§7 T) +teq (f, T)' (334)

A discussion of the corner layer functions go(&, 7) and ¢ (&, 7), solutions near

x=0,1t=0, is given in §3.6.2 where they are found to be zero by (B5).

3.3.1 The Boundary Layer: Solution Near z =0

The boundary layer functions are defined in the following equations obtained
during the proof of Lemma 3.3.5 and described in §3.6.1. For x close to 0

rescaling the system (3.0.1) and using ¢ := L gives
€

021]0

-5

+ F(0,t,v9) =0, (3.3.5a)

- — go(t)7 UO(OO7t) = 0. (335b)
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For the perturbed boundary layer function, 9y(&, ¢; p), we have

0%, . N
e + F(0,t,09) — pty = 0,
O .
21 =go(t), Toloo,t;p) = 0.
9 |,

Note ’(70(5, t, O) = Uo(g, t)
Defining the operator

dur
73

£=0

Let

2 . : 2
VL= i fu(0,t,ug(0,1)) > 77,

Do € (O,’}/%) and

L ow
X(f,t) = go(t) af ) UO(O,t) > 0’
6_7L§’ UO(O,t) _o.

81}0

This is well defined as when —— = 0 we have vy(0,t) = 0.

23

£=0

(3.3.6a)

(3.3.6b)

(3.3.7)

(3.3.8a)

(3.3.8b)

(3.3.9)

(3.3.10)
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We now consider the auxiliary problem;

0%v

a8 =) V(0) =<0, v(o0)=0. (3.3.11)

For this problem, define

(€)= { g7V, v0)>0, (3.3.12)

0
eV OE - 1(0) = 0.

For v(0) > 0 and v(0) = 0 the derivative of (3.3.11) with respect to & exists,
and x(&) satisfies

X'(€) = o' (v)x(8), (3.3.13a)
X(0) =1, X(o00)=0. (3.3.13b)
Again we note that when ¢/(0) = 0 then v(0) = 0, i.e., (3.3.12) is well defined.

Lemma 3.3.2. (i) Suppose ¢(s) is a sufficiently smooth function satisfying
$(0) =0, ¢'(0)=+*>0, (3.3.14)

and

3A - /OA d(s)ds = T and sp(s) >0 Vse (O,A}'. (3.3.15)

2

Then there exists a solution v(€) to (3.3.11) with 0 < v(€) < A, and for any
arbitrarily small but fized 6 € (0,¢'(0)) there is a positive constant Cs such
that

M) < Cse 07 fork=0,...,4, (3.3.16)

and x(&) := V' (&) satisfying

Cu(&) < IX(E)] < C"w(e). (3.3.17)
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(ii) There exists a solution v(§) to the second auziliary problem
T ) = we), F0) =g, o) =0, (33.18)

where v(§) is the solution from part (i) and |V (§)| < C*(1+£™)x(&) for some
m > 0 and Y(§) defined in (3.3.12). The solution v(§) satisfies

()] < Cx(©Oflgl + (1 + €™} (3.3.19)

Furthermore if g < 0 and U(§) = 0 then v(§) = 0 for all £ > 0.

Proof. (i)

To prove existence of v(£) and to obtain the bound (3.3.16) we consider [6,
Lemma 2.1] and [17, Lemma 2.1] which give results for the case of Dirichlet
boundary conditions. Here we make alterations for the case of Neumann

boundary conditions. From (3.3.11) we have the system

V(&) =V, (3.3.20a)
V(€)= 6(v), (3.3.200)

with boundary conditions
V'(0)=V(0)=g, v(oo)=V(x)=0. (3.3.20c)

As ¢(0) = 0 the fixed points of the system include (0,0). We note that as
¢(v) may have more than one solution there is the possibility of other fixed

points to the system. The Jacobian for the system is

0 1
( 50) 0 ) . (3.3.21)
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From this the eigenvalues are +,/¢/(0) which are real and of opposite sign,
as ¢'(0) > 0, hence the fixed point (0,0) is a saddle point.

Figure 3.2: Phase plane of (3.3.20) including the Neumann boundary condi-
tion V' (0) = V(0) = g.

Figure 3.2 shows the phase plane of (3.3.20). We are looking for a trajec-
tory of this system that intersects the line v/(0) = V(0) = ¢ and goes to 0 as
& — o0o. The upper half plane can be ruled out as the boundary condition
is negative because of (3.1.5). For v(£) < 0, v/(§) < 0 the trajectory goes to
infinity so the required trajectory can only lie in the fourth quadrant.

Solving the system V' (§) = ¢(v), gives

Vi(§) = i\/Q /0 ¢(s)ds + C. (3.3.22)

Calculating (3.3.22) at £ = oo and recalling v(co) = 0 and V(o0) = 0 gives
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C = 0. Also, since V(£) < 0 then

V(€)= — /2 /0 " 6(s)ds. (3.3.23)

We now require the trajectory V(&) to exist from £ = 0 to £ = co. In other
words (3.3.23) must exist for all v € (0, A’ where A is defined in (3.3.15)
and (A, §) is the point of intersection of 2/(0) = § and the trajectory we
are looking for. Recalling (B3) the integral in (3.3.23) is positive as when
¢(s) > 0 then v > 0 and when ¢(s) < 0 then v < 0 and V(&) exists from
& =0 to & = 0o. Therefore there exists a separatrix that intersects the line

V'(0) = g and goes to 0, i.e., there exists a solution v(&) to (3.3.20).

nvf(é) v(f) “U’(£> U( ) nvz<€) v(f)
£ — 0 ] & — o0 . & — o0 /{
v'(0) v'(0) S~ 0 N~
(a) (b) (c)
40'(€) o) 1 v(€)
£ — 0 ' £ — o0 ]
N\ /
v'(0) V(0) a="p S
(d) (e)

Figure 3.3: Possible phase planes for (v(§),v'(£)).

Figure 3.3 gives other possible phase planes for the system (3.3.11) not
described by Figure 3.2. Considering Figure 3.3a, (3.3.15) is not met and
so there is no solution to (3.3.11). Figure 3.3d also does not meet (B3)

and gives no solution. Figure 3.3b, Figure 3.3c and Figure 3.3e are phase
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planes that satisfy our conditions and give solutions. We note a phase plane
like that described by Figure 3.3b or Figure 3.3c will have a unique solution
while Figure 3.3e has multiple solutions. In the case of Figure 3.3e we refer
the reader to Remark 3.3.3 to get uniqueness of the time-dependent original
problem.

VoA

S5

A ]

Figure 3.4: The phase plane (v(£),V'(§)) with the condition v(§) > ss.

Next recalling (3.3.14) for any 0 € (0, ¢'(0)) there exists so > 0 such that
(¥ —6)*s < p(s)  for 0 < s < sp. (3.3.24)

If (&) > so for all £ then V(§) < —C and so v(§) — —oo as & — oo which
contradicts (3.3.20c) and is represented in Figure 3.4. Therefore there exists
& > 0 such that v(&)) < so. As v(£) is a decreasing function, for all £ < &
we have v(§) < so. Next fix & with 0 < v(&) < so. By (3.3.23) and (3.3.24)
we have, for v(&) € (0, sq],

V< —\/2 /OV@ — §)2sds, (3.3.25)

which can be rewritten as

i@y < —(7=96)0¢  for & < € < 0. (3.3.26)
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Integrating (3.3.26) from &, to & gives
v(€) < v(&)eT=9%0e=0798  for £ < € < 0. (3.3.27)
Choosing Cs > v(&)eT=9% gives
v(€) < Cse” 0798 for &5 < € < 0. (3.3.28)

For 0 < & < & we recall v(&) is a decreasing function and so v(§) <
v(€) < v(0). Therefore,

v(€) < Cse~ (7% (3.3.29)

with Cs := (0)e7=9% . Hence as £ < & we have
v(€) < Cse” 0798 for 0 < € < &. (3.3.30)
Therefore, we have (3.3.16) for k = 0 with
Cs = max {v(&), v(0)} =%, (3.3.31)

To obtain a bound for /(&) we rewrite (3.3.25) as

V(€)= —[2 /0 " s¢(0)ds = —u(€)1/8(0), (3.3.32)

and using the bound obtained for v(§) we obtain (3.3.16) for £k = 1. Tak-
ing the absolute value of (3.3.32) and noting that we can find two positive
constants C" and C” such that ¢’ < 1/¢’(0) < C” we obtain (3.3.17).

For v"(&) we use (3.3.11) to get

()] < & (v(§)O)w(€), (3.3.33)
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for some 6 € (0,1). As v(€) is bounded by (3.3.16) with £ = 0 and ¢(s) is
sufficiently smooth we get (3.3.16) with k& = 2. For v"(¢) and v™(€) we take
derivatives of (3.3.11), i.e.,

V(&) =V (v), V(€)= (V(€)*¢"(v) + () (v).  (3.3.34)

As ¢(s) is sufficiently smooth and calling on (3.3.16) with & = 1,2 we have
(3.3.16) for k = 3,4.
(i)
Next we consider the second auxiliary function v(§) described by (3.3.18).
Multiplying (3.3.18) by x(&), gives
*v

—2(5)8752 + (X (v) = X(E)W(E), (3.3.35)

which, using (3.3.13), we can now write (3.3.35) as

—55 (22@56 ( :g)) — OU(e). (3.3.36)

Taking the integral from £ to oo of (3.3.36) results in

CHGREHE

The second term in (3.3.37) can be simplified to limg_,o (¥ (7)X(7) — v(7)X'(77))-
We note that as v(oco) = 0 then ¥/(c0) = 0. Refer to Remark 3.3.2 for

= [ x@umdi. (3337
E=00

an explanation. As X'(§) is bounded by (3.3.16) and {(co) = 0 we have
~l

limyoo (7' (7)X(7) — v(N)X'(7)) = 0 and so the second term is zero.
Next dividing (3.3.37) by ¥%(§), integrating from 0 to £ and rearranging
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terms yields
13 )
7O =& [ 17 [ x@u@andy + Ox(). (3..39)

Exploiting the Neumann boundary condition, we differentiate (3.3.38) with
respect to &, recalling the boundary condition (3.3.13b), and we find the

constant of integration to be

g 1 <
C= 0 X’(O)/o X)W (77)di — alggg/ / fi)didn. (3.3.39)

As X(€) and ¥(¢) are sufficiently smooth the final term in (3.3.39) is zero.
Putting (3.3.39) into (3.3.38), the solution (&) is now

— [ [ s | - [ X(ﬁ)\lf((ﬁ)dj]).
3.3.40

Recalling (B3) we have v(0) # 0 implies X'(0) # 0 and by the definition
of X (&) for v(0) = 0 we have X'(0) = \/W > 7~ > 0. Therefore () is well
defined and there exists a solution (&) to (3.3.18).

We pause to consider the term [ X (7)¥(7)d7) in (3.3.40), firstly consid-
ering v(0) > 0. By (3.3.17), there exists C" > 0 sufficiently large such that

< C"v as |§| < C. Multiplying both sides by ¥, recalling (3.3.12) and
-1

notlng 7' < —C, we can again make C” sufficiently large such that

iy < —C"vdvy, (3.3.41)

is also satisfied. Equation (3.3.41) can be rewritten as ¥2dij < —(C"/2)dv?.
Multiplying |U(£)| < C*(1 4+ £€™)|x(§)| by x(7)dn and using the above in-
equalities gives |X(7) VU (7)dij| < —(C"C*/2)(1 + 7™)dv?. Taking the integral
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of both sides gives

Cv// C*
2

<_

/n W) () d7

/00(1 +imydv?, (3.3.42)

and integrating by parts yields

Sl lat; NI Y

[ wman| <S v -

mC"C* oo .
+ /nn "2 (i) d.

. 2= ~m
dim v (7)(1+77)

2
(3.3.43)

We integrating by parts a further m—1 times, each time noting v%(77)dij < —Cdv?,
and get

[ wxan| <covim . (3344

Recalling (3.3.16), the second and third term in (3.3.44) are bounded and
negative and Cv < {(§) for v(0) > 0 giving

< OC*P ()1 +n™). (3.3.45)

/n S W) ) di

Secondly we consider the case with v(0) = 0, we again look to calculate
S W (i) (7)di now with X(§) = eV ¢©¢ and have

/ N ‘I’(ﬁ)i(ﬁ)dﬁ’ < / T O+ e VI O gy, (3.3.46)
n n
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Calculating the integral gives

/ ) ‘P(ﬁ)fc(ﬁ)dﬁ’ < — lim 2C%\/#/(0)(1 + 7™)e 2V O
n

7—00
+ 207/ ¢/ (0) (1 + 5™)e 2V O (3.3.47)
— mC* /OO ,flm—le—Q\/dﬂ(O)ﬁdﬁ'
i

As the first term and the final term are negative we obtain (3.3.45) for x(¢)
with v(0) = 0.
Putting (3.3.45) into (3.3.40) yields

3
P < OO [ (1 +n")dn+ |

)Z(f)| (3.3.48)
Calculating the integral and rearranging terms gives
(&) < CXE{CT (1 +€m) +gl}, (3.3.49)

i.e., we have the desired bound (3.3.19) for ().
Finally we consider (3.3.40) with ¥(§) > 0 and g < 0. The first term
of (3.3.40) is positive. By (B3) we have that ¢(v) > 0, that is v”(0) > 0,

as v(0) > 0 so the final term is positive. Again by (B3), A’((%)) < 0 and so
X
gx() - :
if g < 0 then T > 0 for all £&. Hence we have v(§) > 0 for all £ if the
conditions ¥(¢) > 0 and g < 0 are met. O

Remark 3.3.1. Considering (3.3.40) we see that without the condition v”(0) # 0
for v(0) # 0, i.e., that {’(0) # 0, from (B3) the solution (&) will not exist as
it involves 1/X/(0). Furthermore without ”(0) > 0(< 0) for v(0) > 0(< 0)
n (B3) we will not have the result 7(§) > 0 for g < 0 and ¥(£) > 0 as we

require {'(0) < 0 and so will not be able to obtain a—v 0 which is used to
P

give ordered upper and lower solutions in §3.3.3.
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Remark 3.3.2. We want to show v(0co) = 0 implies v/(c0) = 0. Considering
(3.3.18) we have, for £ > ¢ with ¢ sufficiently large,

¢'(v) > 7% +ve" (vh) > 0, (3.3.50)

for some 6§ € (0,1) and so we can use the maximum principle, as the second

term is sufficiently small, to find
(€)] < Ce™™ VE. (3.3.51)
Next calculating /(§) from (3.3.18) we have
7(©)= [ ¢ 0rtn) — (33,5

As |U(&)] < (14€™)[x(&)] using (3.3.16), ¢'(v) is sufficiently smooth and by
(3.3.51) then we can obtain

7 (€)] < Ce™, (3.3.53)

which gives the result 7/(0c0) = 0.

Remark 3.3.3. As for t = 0 we have A(0) = 0 and we are considering this
problem with continuous time the intersection of the trajectory and the Neu-
mann boundary condition will not be able to switch from the point close
to zero to a different intersection point. A switch of this kind would mean
(B3) is broken in the transition. From this we can rule out points b and ¢ in

Figure 3.3(e) and we have a unique solution to (3.3.5).

We now apply Lemma 3.3.2 to problems 0y(&, t;p), vo(€,t) and vy (&, ).
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Lemma 3.3.3. There exists functions vo(&,t), 0o(§,t;p) and v1(§,t) which
satisfy (3.3.5), (3.3.6) and (3.3.8) with the properties

0v ov
0 < o(E,1:p) < AD), 85 <0, Bo(€,tp) +eln(& 1) < Ct, ap >0,
(3.3.54)

for&,t > 0. Furthermore ford € (0,vL—+/Po), there exists a positive constant
Cs such that

0* vy

ek

8’“1}1

DEw

',

ot!

8101
ot

07

< Cye(e—vmo-0)¢ 3.
= Cse . (3.3.59)

fork=0,..,4andl=0,1,2.

Proof. We apply Lemma 3.3.2 to problems (3.3.5), (3.3.6) and (3.3.8).

We consider 0y(&, t; p) noting 99(&,t;0) = vo(€,t). To consider (&, t; p)
we first note (3.3.6) is of the form of (3.3.11). From (3.3.6) we have ¢(s) =
F(0,t,s) — ps where ¢(0) = 0 and ¢'(s) = F5(0,t,09) — p. We require (B1)
and (B2) to be satisfied for the perturbed problem, i.e., we need to show

F,(0,¢,0) > 0 and
/U F0,t,5)ds >0 v e (0,3(0,1)]. (3.3.56)
0

Firstly recalling (3.1.17), then F,(0,t,0) = F,(0,£,0) —ps > 3 — po > 0 as
po € (0.97)-

To show (3.3.56) is met we extend the argument in [17, Lemma 2.2] to
two dimensions. We also note the two-dimensional analysis can be found in
[31, Lemma 2.4.5]. We first consider s € (0, sg) for some sy < 09(0,¢). Taking
a Taylor expansion of F(0,t,s) and noting F(0,¢,0) = 0, Cs can be found
such that |Fy(0,t,5)| < Cg and so

F(0,t,8) — ps > s[Fy(0,t,0) — po] — Cgs>. (3.3.57)
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Suppose py < mingejo. 71 F5(0,¢,0)/2 hence for [p| < py we have

F(0,¢,0)

F(0,t,8) —ps > i 5 — Cgs>. (3.3.58)

Choosing sy := F;(0,¢,0)/(2Cs) and as 0 < s < so we have F(0,t,s) —ps > 0
and so (3.3.56) holds for s € (0, sq).

Next we assume sy < 799(0,¢) and consider s € [sg, 79(0,t)]. Define

m = min min /OF(O,t,s)dS : (3.3.59)
o (£,t) (0,8)] Jo

tG[O,T] G[So,f)o

F,(0,t,0
We find m > 0 by (B2). We choose py = minycp ) min { m ( ) },

~9 9
03(0,t) 2
as s € [so, Uo(&, )] then m is bounded away from 0 and so py is bounded away

from 0. We can calculate

Vo ~2 t
/ psds = p”"(;’ ), (3.3.60)
0

For [p| < po, (3.3.60) becomes
N m o)
/ psds < B < / F(0,t,s)ds, (3.3.61)
0 0

given the definition of m in (3.3.59) and we have (3.3.56) for s € [sq, U0(0, t)].
Hence there exists py € (0, F5(0,¢,0)) such that (3.3.56) is met and the above
phase plane analysis holds for 0y(&, t; p).

We can now apply Lemma 3.3.2 to (3.3.6) and find there exists a solu-
tion 0o(&,t;p) such that 0 < 09(&,t;p) < A(t) and x(&,t) < 0. We note

0 < po < 72 gives the inequality /7% — po = v — /Do We have the bounds
k~

for 0;“0 with £ =0,...,4 in (3.3.55).
9%

We consider the equation for #, taking the derivative with respect to p
P
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of (3.3.6) gives

P om o0

082 dp ' Op

205
o0& Op

) 6p

=0.
=00

(3.3.62)
We can see (3.3.62) is of the form (3.3.18) hence 8(,;}0 exists and ’%UO
p p

(FS(OJ t760) - p) = 607

£=0

~X

C(14&™)|x|. As we have established a bound for {(§,¢) we can now obtain

07 . 0 0y
3.3.55) for —. Next we have V(£ t) = 09(&,t) > 0 and —— =0 so
using Lemma 3.3.2(ii) we have 881;0 >0 forall &t > 0.

For bounds for v (£, t) we use (3.3.8) noting it is of the form (3.3.18) with
its right hand side satisfying |W (&, )| < C(14+£™)[X(§, )] and ¢(s) = F(0,1, s)
satisfying (3.3.14). Hence by Lemma 3.3.2(ii) the solution v (&, t) exists and
satisfies |v1(€,1)] < C(1 + &¥)|x(&,t)|. Using the bound for (&,t) we again
obtain the bounds for v (&,t) with respect to £ in (3.3.55).

For the remaining bounds we differentiate equations (3.3.5a), (3.3.6a) I
times with respect to ¢t and (3.3.8a) k times with respect to & and [ times with
respect to t. The results are equations of type (3.3.18) with ¢(s) satisfying
(3.3.14) and |V(&,t)] < C(1 4+ &™)[(E, t)| hence we obtain the necessary
bounds. These equations are included in §3.6.3 for the reader.

To show |vy(§,t)] < Ct we recall condition (B5) and see that it implies
d7

O€ |e_o,4=0 )
is a solution. Hence we can take a Taylor expansion about ¢ = 0 and as % is
bounded by (3.3.55) we have |0y(§,¢; p)| < Ct. Finally to show |v1(§,t)| < Ct
we consider (3.3.8) at ¢t = 0. By (B5b) we have that the boundary condition
is zero and as we have shown vy(&,0) = 0 the right hand side of (3.3.8a) is

= 0. Now considering (3.3.6) we can see for ¢t = 0, 99(&,0;p) =0

also zero. Therefore v;(£,0) = 0 is a solution and as we have the necessary
bounds we can write |vy(€,t)| < Ct giving (3.3.54). O

158



TIME-DEPENDENT PARABOLIC PROBLEM WITH SINGULARLY
PERTURBED NEUMANN BOUNDARY CONDITIONS

Lemma 3.3.4. For 0(&,t;p) and vo(€,t) defined by (3.3.6) and (3.3.5) we

have

3 82 ~ Vo+ev1
gﬂm_&J@Nw@:-namﬂﬁm+mmwmﬂm% (3:3.63)

Proof. To obtain (3.3.63) we begin with

o 0| . 0?
52 [8t — W] (UQ — U()) = —8752(110 — U()) + 0(52). (3364)
Using (3.3.5a) and (3.3.6a) yields

82

~ gz~ v) = = F(0.2, e + DT, (3.3.65)

Now as

F(e€,t, )it = F(0,8, )]0 + cvn (0,8, )| 015,

votevy - votetun (3.3.66)
+e Fo(f,t, )0 iopn
for some 6 € (0,1), then
0 50+ Bo-+20
—— ’60—1}0 :—FZEf,t,' ZO Zzl‘f'gUlFs O,t7' Zoizl
g =) =~ FEELI ven RO

+ € Fy(Ox, t, )T 4 piyg.

vo+ebvy

As Fy (0,8, )0 — 5y —09) Fus (0, , 0vy) + O(e), Fy(O,t,-)|[0T0 = (5, —

vo+ebvy vo+ebv1

v0) Fs:(0,t,0v1) + O(e) and (1 + £)|09 — vo| = O(p) we have

82 ~ Vo+evy ~
=gz (o = w0) = = F(e€, £, )52 + v + Olep). (3:3.68)
Using (3.3.64) and as O(ep) = O(p* + €%) we obtain (3.3.63). O
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Lemma 3.3.5. For the asymptotic expansion ug(z,t) + vo(&,t) +cvi(&,t) of

problem (3.0.1) near x = 0 we have accuracy

T lug(z,t) +vo(€,t) +evi(€,1)] = O(e?). (3.3.69)

Proof. This proof is included in Lemma 3.6.2 of the technical section. O

3.3.2 The Initial Layer: Solution Near ¢t = 0

The equation for the initial layer function wg(x,7) is obtained during the
proof of Lemma 3.6.3. For ¢ close to 0 we rescale (3.0.1) using 7 := t/e2. The

equation for wq(z, 7) is

90 L P, 0,u0) = 0, (3.3.70a)
or
wo(z,0) = p(z) —ug(x,0) and wy(z,00) = 0. (3.3.70Db)

The perturbed version of wq(z, T), wo(z, T;p) where wy(z, 7;0) = wo(z, 7),

is given by
01y N .
877' + F(x> 0, wO) — pwo = 0, (3.3.71&)
wo(z, 05 p) = p(x) — uo(x,0), (3.3.71b)
and
Wo(x,00;p) = 0. (3.3.71¢)
Let
N3 = m[(i)rh fu(®,0,u0(x,0)) > ~2, (3.3.72)
zell,

and Po € (077%)
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We now consider the auxiliary initial value problem

gc: =—¢(w) for7>0, w(0)=wy>0, w(oo)=0. (3.3.73)

For this problem we have

w/wy,  wy >0,
w(T) = , 3.3.74
(7) { e 907wy =0. ( )

Lemma 3.3.6. (i) Let a sufficiently smooth function ¢(s) satisfy
»(0)=0, ¢'(0)>0, ¢(s)>0 Vse(0,w. (3.3.75)

Then there exists a solution to (3.3.73) with 0 < w(7) < wy, and for arbitrarily
small but fized 6 € (0,¢'(0)) there is a constant Cs > 0 such that

|w| 4 '] + || < weCse @O for + > 0. (3.3.76)

(1i) Let & be defined by (3.3.74). For the second auxiliary problem

‘;f Fod (W) = U(r), ©(0) =0, @(00) =0, (3.3.77)

where |¥(7)| < C*(1 4+ 7™)&(7), w(7) is the solution from part (i) and C* is

a sufficiently large positive constant, there exists a solution w(T) such that
()] < C(@o + C*(1+ 7™ Ho(T)). (3.3.78)

Also if g = 0 and V(1) = 0 then w(T) = 0 for all T > 0.

Proof. The proof of this lemma can be found in [16, Lemma 4.2]. For com-
pleteness we include the proof here.
Proof of (i)

If wy = 0 then w(7) = 0 and so the above statements of (i) follow.
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A A
Wo w
>
wo w _(b(w())
>
—¢(wo)
(b) The phase plane for (3.3.73) with

the condition that there exists 75 > 0
The ph l 3.3.73).
(a) The phase plane for ( ) such that w(T) > s5 for all 7.

Figure 3.5: Phase planes for (3.3.73).

For wg > 0 we carry out phase plane analysis of w’ = —¢(w). For the
existence of a solution there must exist a trajectory leaving w(7) = wy at
7 = 0 and entering w(7) = 0 as 7 — oo. We consider the (w,w’) plane, this
is represented in Figure 3.5a. Using (3.3.75) we have w’ = —¢(wp) < 0 and
so the trajectory is in the fourth quadrant. From this we see 0 < w(7) < wy

and w(7) is a decreasing function. As 7 — oo,

(wo, =¢(wo)) = (w(00), —¢(w(o0))) = (0,0). (3.3.79)

Therefore there exists a trajectory leaving w(0) = wy and entering w(7) = 0
as 7 — oo and hence the solution w(7) exists.

There are now two cases to consider. Firstly that there exists 75 > 0 such
that w(7) > s5 for all 7, which implies w'(7) < —C for all 7. The trajectory
is bounded away from zero and must remain w(7) > ss > 0 and /(1) < —C
and so w(oo) = —oo, i.e., there is a contradiction. This is represented in
Figure 3.5b.

The second case is there exists 75 > 0 such that w(7s) = s5. In this case
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we can say for any § € (0,¢'(0)) there exists s; € (0,wp) such that

‘qf)f) —¢'(0)] <& Vs el0,s], (3.3.80)
[¢/(0) — 6]s < ¢(s) < [¢(0)+6]s Vs € [0, sq]. (3.3.81)

Recalling (3.3.73) we now have, for all 7 > 73,
[¢'(0) = dJw(r) < —w'(7) < [¢(0) + dlw(T) (3.3.82)
Solving (3.3.82) yields
e @O (1) Jw(Ts) < e $ O for 7 > 7. (3.3.83)
As w(7) is positive and decreasing we have w(7s) < wy, hence
w(T) < woe @O (3.3.84)
i.e., we have (3.3.76) for w(7). As —[¢'(0) + d]w < [¢'(0) — d]w we can write
|| < [¢(0) + 6w < [¢'(0) + dJwee™ @O0, (3.3.85)

For some positive constant Cj, we now have the bound for w'(7) in (3.3.76).
Taking the derivative of (3.3.77) with respect to 7 we have w” = —w'¢/(w)
yielding (3.3.76) for w”(7) as ¢(w) is sufficiently smooth.

Proof of (it)
For the second auxiliary equation we first look at the homogeneous normalised
version of (3.3.77);

00

5, T (W) =0, 6(0) =1, 6(c0)=0. (3.3.86)
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This has positive solution, #(7) > 0 such that 6(0) = 1.
For wy > 0, we have w’ < 0, and [¢'(0) — d|lw < —w’ < [¢'(0) + §]w which
implies C™! < |w'|/w < C. We choose 6 := &' /w'(0) > 0, such that

cl<o/o<C. (3.3.87)

Now to get the unique solution, multiply (3.3.77) by 0(7) and as (1) =

—0(7)¢' (w), we can write
O'(T)0(r) — ' (T)w(T) = 0(7)¥ (7). (3.3.88)

Using the quotient rule, (3.3.88) transforms into

<T>> _ Yo (3.3.89)

Integrating both sides and dividing by 6(7) gives

o(1) = @ef(7) + 0(7) /0 ’ ‘g((;) d7. (3.3.90)

From (3.3.87) we have & < C6, and as |¥(7)] < C*(1 + 7™)&(7) we have
W ()| < CC*(1+7™)0(7) and can write

lio(T)] < |wolb(7) + CO(7) /OT C*(1+ 7™)dT, (3.3.91)

and again by (3.3.87) we get (3.3.78).

Next for wy = 0 we have w(r) = 0 and ¢'(s) = ¢'(0) > 0 so we choose
0(7) := e 907 = &(7). Here we solved ¢'(7)+60(7)#'(0) = 0 and as ¢'(0) > 0
and 0(0) = 1 the solution is (1) = e ©7. The above argument holds and
we again obtain (3.3.78).

Finally if @y > 0, and ¥(7) > 0 then as 6(7) > 0 this gives w(7) > 0 by

164



TIME-DEPENDENT PARABOLIC PROBLEM WITH SINGULARLY
PERTURBED NEUMANN BOUNDARY CONDITIONS

(3.3.90). O

Lemma 3.3.7. There exists py € (0,72) such that for all |p| < po problem
(3.3.70) has a solution wy(z,T;p) with

0 < UN)O(J:7T;p) < QO(I) - Uo(I,0)7 % P 07 8w0

“0 < 3.
% 5| <Oz (33.92)

forT >0 and x € [0, 1].

Furthermore, for 6 € (0,72 — po), there exists a positive constant Cy such
that
< Cye=Or—po=0)1 (3.3.93)

Oy | |OFwe| |0y
or! Oxk Op
fork=0,..,4,1=0,1,2, 7 > 0 and x € [0, 1].

Proof. We consider wy(x, 7; p) noting wo(z, 7;0) = wo(z, 7). To obtain similar
results for wy(z, 7; p) we first need a version of (B4) for the perturbed problem,
i.e., we require sF(z,0, s) = s(F(z,0,s) —ps) > 0 for s € (0, p(x) —uo(z,0)]".
By (3.1.17),

s(F(z,0,5) —ps) = s(F(z,0,0) + sFy(z,0,0) +s*Fy (2,0, s8) — ps), (3.3.94)

for some 6 € (0,1). Choosing a sufficiently large positive constant C; and

recalling (3.3.72) gives

s(F(x,0,8) — ps) = s*(73 — Crs — o). (3.3.95)
i 2
We now consider two cases; 0 < s < —=— and s > —~. In the first case,
2C; 2C,
(3.3.95) becomes
2
s(F(x,0,s) —ps) > s° <2T - pg) : (3.3.96)
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2 2
By choosing pg < Vg we get s(F(x,0,s) —ps) >0 for 0 < s < %
7
2
In the second case, Spax := @(x) — ug(x,0) > T and so
2C7
ps < po(p(x) — uo(x,0)), (3.3.97)

and by choosing py = minz /o0;)<s<ommreio) £ (¥, 0, uo(x,0) + 5)/s we have

2
sF(x,0,s) >0 for s > % Combining these results in
7
. . f(x707u0($70)+8) 77%
= 3.3.98
po T {’7%/(207)<r§1<12nax,336[0,1] S ’ 207 ’ < )
and thus
DS < IIl[éIll] f(QJa 07 uO('rv O) + S) < f(xu OJ UO(I’, 0) + S)' (3399>
xe|0,

This is the desired result for all s, i.e., we have obtained a perturbed version
of (B4).

For 1o (x, 7; p) we have (3.3.71) with ¢(s) = F(z, 0, s) which can be written
as ¢(s) = F(x,0,s)—ps and by (B3) with p, sufficiently small then ¢(s) > 0.
We have ¢/(s) = Fy(x,0,5) —p and so ¢'(0) = Fy(z,0,0) —p > 7% — po > 0,
i.e., ¢'(0) > 0 is satisfied. We also note ¢(0) = EF(z,0,0) = 0. Hence the
requirements of Lemma 3.3.6 are met and the solution w(x, 7; p) exists and

as wo(z, 0; p) = ¢(x) — uo(x,0) =0,
0 < wo(z, 75p) < w(x) — up(z,0). (3.3.100)

We note ¢(x) —ug(x,0) < C as ¢(x) and ug(z, 0) are sufficiently smooth, and
get, by (3.3.76),
9"y

5| < Cye~(r—Po=0)7 (3.3.101)
=
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for ! =0,1,2, 7> 0 and z € [0, 1].
0w
For a—o we can take the derivative with respect to p of (3.3.71) giving
D

9 (9w Oy i o
= <8p> + 0 (Fy(w, 0, 400) — p) = 1. (3.3.102)

This equation is of type (3.3.77), with W(x, 7) = Wy and ¢'(s) = F; ($ 0, W) —

p, hence we find the assumptions of Lemma 3.3.6 again hold and so —— 0 exists

5‘29
—| < C(1 + 7™ )y, i.e., by the bound for @y in (3.3.93) we have

< Cye~0r=p0=07  Furthermore as Wy = ——| = 0 and U(z,7) >0

then Lemma 3.3.6 gives 85;0

We now take the k' derivative of equation (3.3.71) with respect to x for
k = 1,...,4. This results in equations of type (3.3.77). We take the first
derivative as an example and note the remaining equations are included in

§3.6.3. The equation for a— is

0.

\%

Ox
0 (0w Oy 5 .
g (%Mo) T —p)=-F . 3.1
5 <8x ) + 9% (Fs(x,0,w0) — p) z(x,0,00) (3.3.103a)
6@0 890 0u0 a@o
— = — - — — = 0. 3.3.103b
or | _, Oxr Oz|_, Or|__ ( )
Here we have |U(x, 7)| = |Fy(x,0,1)| < C|wo| ie., |V (z,7)| < C(1+ 7)o
is satisfied. Noting wy = ¢ _ Ouo by (3.3.78) we have
or Oz |,_,
871}0 8g0 aUO ~
— — - — 1 mtl . .3.104
pe C(@x o t:0+ +7 )wo (3.3.104)
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Recalling (3.3.93) for w, and as ¢ _ Ouo < C then
or Oz |,_,
Oy | Cye=OF 0007, (3.3.105)
or | =

P
To establish ‘awo < Cz we look at (3.3.103) with = 0, i.e., the equa-

T

ow
tion for a—o . Using (B5) we see that the boundary conditions are zero.
x

=0
o
By (Bba) the right hand side of (3.3.103a) is zero hence % =0is a
T
=0
solution and as we have established bounds for the derivatives of Wy we have
0y
—| < Cx. O]
ox .

We now establish a similar result to Lemma 3.3.1 for the functions wy(x, 7; p)

and wq(x, 7).

Lemma 3.3.8. For wy(z, 7;p) and wo(z, ) defined by (3.3.71) and (3.3.70)

we have

0 0? o
2 = F 2. 2 2
g [&f — 81'2‘| (UJO — ’LU()) = — (.T, ETT, )’wo +p'UJO + O(E —|—p ) (33106)

Proof. We consider the derivative terms in (3.3.106), i.e.,

[0 0% . 0, 5
Now using (3.3.5a) and (3.3.6a), 88(11)0 — wy) becomes
T
J @0 5
aj(wo — U}O) = — F(t, O, ')|w0 +pw0, (33108)
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and as

F(e&,t,)|w = F(x,0,-)[y° + €1 Fy(x,0t, )] (3.3.109)

wo ?

for some 6 € (0,1), we get

0 @ JNTT:
5 (0 = wo) = = F(z,"7,) "+ Fy(a,d, )| 4 pwe. (3.3.110)
T wo wo

As Fy(z,0, )|Z§ = (Wo—wy) Fy(x,0,0(1p—wy)) and we have (1+7)|wy—wo| =

O(p) then

0 o
a—T(wo —wo) = — F(x, e, .)’wo + pip + O(ep) (3.3.111)

and finally putting this into (3.3.107) we obtain (3.3.106). O

Lemma 3.3.9. For the asymptotic expansion ug(x,t) + wo(z, T) of problem

(3.0.1) near t = 0 we have accuracy

T [uo(,t) + wo(z, 7)] = O(g?). (3.3.112)

Proof. This proof is included in Lemma 3.6.3 of the technical section. ]

Lemma 3.3.10. Near x = 0 and t = 0 the asymptotic expansion uqs(x,t) =

uo(z,t) +vo(&,t) + evi(&,t) + wo(z, 7) of problem (3.0.1) has accuracy

Ttas(x, 1) = O(2). (3.3.113)
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Furthermore the boundary conditions satisfy

8 as
=go(t), ¢ gx = q1(t) + O(£?), (3.3.114)

x=0 =1

OUgs

68:70

and the initial condition satisfies
Ugs(x,0) = p(z). (3.3.115)

Proof. This proof is included in Lemma 3.6.4 in the technical section. O]

3.3.3 Upper and Lower Solutions

We create upper and lower solutions for the system by taking the asymptotic

expansion (3.3.2) and perturbing it, to get

B(x,t;p) :=uo(w,t) + 0o(§, t;p) +evi(€, 1)

(3.3.116)
+ U~)0<JZ, T;p) + C’Op(l + e—coac/a + e—co(l—;c)/g)7

for some small positive p, some sufficiently large constant Cy > 0 and some
sufficiently small constant ¢y > 0. The exponential terms are included so
that at x = 0 and x = 1 the boundary conditions will meet the requirement
(3.3.120c) and (3.3.120d). We can rewrite (3.3.116) as

B(x,t;p) == uas(x,t) + V(& t;p) + W, 75 p) + Copp(), (3.3.117)

where V' = 0y(&,t;p) — vo(&,t), W = wo(z,7;p) — wo(z,7) and p(x) =
1 4 e~c02/e 4 eme0(1=2)/ We note

1+ V] + ‘%‘g < Cp, (3.3.118)
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and o
(1+7‘)|W|—|—‘ax < Cp. (3.3.119)

These are found by linearising, for example, (&, ¢;p) and cancelling terms

9, 0
to get (1 +&)|V| < C(1 + §)p#. From Lemma 3.3.3 we have # <
P P

C’ge_(WL_‘/’TO_‘S)g, resulting in (3.3.118). A similar argument holds for (3.3.119).
We now need to prove that §(z,t; +p) are in fact upper and lower solutions

to the system by showing that (z,t; +p) satisfies

B(x,t;—p) < Bz, t;p), (3.3.120a)
TH(z,t;—p) <0< THB(z,t;p), (3.3.120D)

dB(x,t; —p) 9B(z,t;p)
I . 2 go(t) 2 e —5 — R (3.3.120c)

9pB(x,t; —p) 0B(z,t;p)
o s q(t) <e o | (3.3.120d)

and

B(x,0; —p) < p(z) < B(x,0;p). (3.3.120¢)

Lemma 3.3.11. For B(z,t;p) of (3.3.116) we have
Blx,t;p) = ugs(z,t) + O(p)  for (z,t) € [0,1] x [0,T]. (3.3.121)
Furthermore for p > 0,
Bla,t;—p) < tas(@,t) = Cop < uas(x,t) + Cop < Bl ip),  (3.3.122)

for (z,t) € [0,1] x [0,T7.

Proof. Considering f(x,t; £p) in the form (3.3.117), using (3.3.118), (3.3.119)
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and as 1 < p < 3 we have (3.3.121).
, g 0o . ~ .
Again as o > 0 and 0 > 0 both 0y(&,t;p) and wo(z, 7;p) are in-
p p
creasing with respect to p therefore 9y(&,t;p) — vo(€,t) = 0 and wo(z, 7;p) —
wo(xz,7) > 0. Combining this with p(x) > 1 we obtain wu.(x,t) + Cop <
B(x,t;p). Similarly we can find f(x,t; —p) < ugs(z,t) — Copp. As ugs(z,t) —

Copp < ugs(z,t) + Copp we have established (3.3.122). O
Lemma 3.3.12. For B(x,t;p) defined in (3.3.116) we have

TB(x,t;p) = CoppFs(x,t,0) + p(vo + wo)[1 + CopA|

(3.3.123)
—cgCople™ /% + e~ 01=0)/%) 4+ O(e? + p?),
with A = Nz, t) == Fys(x,t, (vo + wo)0) and some 6 € (0,1).

Proof. As we have established the order of Tu,s in (3.3.113) we consider
TB - Tua57 i-e'7

o 0
TB—Tugs =€ L% — W] (V+ W + Copp) + flx,t,)|F . (3.3.124)
92
Calculating & l@t — 8#] Copp and using (3.3.63) and (3.3.106) we have

wo
vo+evy

[0 _ O
ot 0x?
+p(vo + wo) —cgCop(e™® + e =0/%) + O(e? + p?).

] (V 4+ W + Copp) = — F(e&,t, )| — F(x,e%r,)

wo

(3.3.125)
Using a Taylor expansion we find
0 0?

2 2
€ [(975 - 81'2‘| (V+ W+ C()pp) = _VFS(Egatv'UO +EU1) - WFS(:I;7€ T, UJ())

+p(vy + wo) —cgCop(e™ /% + e U=D/%) + O(e? + p?).
(3.3.126)
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From (3.3.124) we have

fla,t e, = Ft Mo evew + fa,t ) (3.3.127)

The second term in (3.3.127) can be written as

f(x, t, ) Uas+VAW _ [V + W] (I t,vg +evy + wo) + O( ) (33128)

and taking Taylor expansions of Fy(z,t,s) we obtain

f(z,t, -)|332+V+W =V F(x,t,v9 4 cvy) + woV Fys(z, t,v9 + €01 + wob)
+W Fy(x,t,wg) + (vo + evy )W Fyg(, t, wo + (vo + €v1)0) + O(p?).
(3.3.129)
for some 0 € (0,1). Recalling (3.3.54) and (3.3.119) we have (vo+cvy)W Fy(x, t, wo+
(vo + ev1)0) = O(e*2rW) = O(e?p). Recalling (Bba) we can say |wo(z, 7)| <
Cz giving |woV | < Cap < Cep and so we have woV Fys(x, t, vo + vy +wob) =

O(ep). Now (3.3.129) becomes
Flat, etV = VE (2,8, 09 + £01) + WL (2,8, wp) + O + p?).
(3.3.130)
The first term in (3.3.127) can be written as
Fla t, )0 v ow = CoppFi(a,t,vo +wo) + O(* + p?), (3.3.131)
which can be simplified to be

F(@,t, oy sviw = Copp[Fo(a,1,0) + (vo + wo) A + O(e* + p*),  (3.3.132)

where A = A(z,t) := F(x,t, (vg + wo)f) for some § € (0,1). Putting
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(3.3.126), (3.3.130) and (3.3.132) into (3.3.124) gives

TB — Tas =p(vo + wp) — c%C’op(e_COx/8 + emco(l=a)/e)

(3.3.133)
+ Copp|Fs(z,t,0) + (vo + wo) A + O(e* + p?).

Finally including (3.3.113) we obtain (3.3.123). O

Corollary 3.3.1. There exists positive constants Cy and Cy such that for all
0 < p < po we have

TB(x, t;p) = Copy* — Ci(p® + &%), (3.3.134)

T B(x,t; —p) < —Copy? + C1(p® + 7). (3.3.135)

Proof. Taking p > 0 as an example, Lemma 3.3.12 with (B1) gives

TB(z,t;p) = Coppy® + p(vo + wo)[1 + CopA]

(3.3.136)
o Cgoop(e—cox/e + e—co(l—:c)/e) . 01(82 _}_p2).

We note vy +wy > 0 by (3.3.54) and (3.3.92) and e~%/¢ 4 ¢=c0(l=2)/s L 2
As 1 < p(x) < 3 and |A| < C we can choose Cy such that 1+ CypA > 0 and
(3.3.136) becomes

TB(z,t;p) = Copy® — 2c5Cop — Cy1(e? + p?). (3.3.137)

Choosing ¢y sufficiently small such that 4?/2 > 2¢3 we get (3.3.134). A similar
argument holds true for T 5(zx,t; —p). O]
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Theorem 3.3.4. For f(x,t;p) defined in (3.3.116), (3.3.120) holds and there
exists sufficiently small g > 0 such that for all € < €y there exists a unique

solution u(x,t) to problem (3.0.1) with
Bla,t—p) < ul(,t) < B, t:p). (3.3.138)
Furthermore we have

[u(z,t) — ugs(z,t)] < Ce®  for (z,t) € [0,1] x [0, T]. (3.3.139)

Proof. Define p := Coe?, with Cy > 2C/(Cyy?) so that Copy? > 2C€2. For
e < 1/Cy, we can say p < € and hence C(g? + p?) < 2C1%. Now Corollary

3.3.1 gives
TB(x,t;p) = 0. (3.3.140)

Similarly we can find 7 3(z,t; —p) < 0.
Considering the boundary condition at x = 0 for p = p, recalling (3.3.114),

we have
0 oV ow
—€ 86 = _QO(t) - 87 — & 87 + C()C()]S[l — 6700/8].
T la=0p=p ¢ §=0,p=p T le=0p=p
(3.3.141)
) oV
Recalling (3.3.5b) and (3.3.6b) we have 875 = 0 and by (3.3.92) we
£=0,p=p
ow _
find — =0. As (1 —e /%) > 1/2, (3.3.141) becomes
oz o0 p—p
0 Cop
% > —go(t) + <5 > —go(t). (3.3.142)
v x=0,p=p

A similar argument holds for p = —p and we obtain (3.3.120c¢).
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A similar method is used for z = 1. Considering § again in the form
(3.3.117) we have

6 al
1 ox

gaiw
_ ox
P

9p

“ ox

OUgs

—° ox

z=1,p=p

—6000]3[6_60/8 - ]_]

z=1,p=p

x=1,p=

(3.3.143)
Recalling (3.3.114), (3.3.118), (3.3.119) and e~*/*—1 < —1/2, we choose Cg >

OUgs 2%
0 such that & — > g1(t) — Cge? and Cy > 0 such that e — +
Ox =1 Oz r=1,p=p
ow
€ B > —Cyep . Now (3.3.143) becomes
L z=1,p=p
0 Cop
S s git) - e — Gz OS2, (3.3.144)
oz | _,
r=1,p=p
. . 2 — C0610]3
By choosing C sufficiently large such that we have Cge® — Coep < 1 and
hence 5 o
98 > gt + P s 0. (3.3.145)
ox r=1p=p 4

Again a similar argument holds for p = —p and we get (3.3.120d).
For the initial condition, by (3.3.115) and p(z) > 0, we have

B(z,0; —p) = ¢(x) — Copp < () < p(z) + Copp = B(z,0;p).  (3.3.146)

Hence the requirements (3.3.120) are met and so f(x,t;p) and f(x,t; —p)
are ordered upper and lower solutions to problem (3.0.1). By Lemma 3.3.11

we have
B2, ;D) = Ugs(1, 1) + O(P) = Ugs(x, 1) + O(£?). (3.3.147)

As [(z,t;£p) are ordered upper and lower solutions we recall Lemma 1.0.1
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and have that the solution of (3.0.1) satisfies
B, t; —5) < ule,t) < B, 7). (3:3.148)

and so by (3.3.147) we have (3.3.139). O
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3.4 Discrete Space: Analysis of the Numeri-
cal Method

To solve (3.0.1) we will use Newton’s method with a finite difference discreti-
sation considered on two layer adapted meshes, the Bakhvalov mesh and the

Shishkin mesh. The discrete system is
T'Uy o= e[ Dy = 02| Uiy + f (i, 5, Uyy) = 0, (34.1a)

fori=1,..,N,and j=1,..., M,

2 2e
ThU()j = 62 {D;Uoj — th;Ulj} + ago(tj) + f(l’o,tj, Uoj) = 0, (341b)

2 2¢e
ThUNj = 52 |:Dt_UNg -+ hND;UNj:| —Hgl(tj)—i—f(x]v,tj, UNj) = O, (341C>

for j =1, ..., M and initial condition
Uio=¢(x;) fori=0,.. N. (3.4.1d)

The following notation is used

o U =Uiga o _ ~
DUy = ==, 8y o= g (De Uiy = DUy ) (8:4.10)
U1 — UiZ1. B Ui —U;_q1;
D,U;; = % DUy = Jhilﬂ (3.4.1f)

hi:ZCi—ZEi_l, kj:tj_tj—l and0:$0<x1 < o< ayo1 < xy =1,

O=to<ti<..<ty1<ty=T.
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Here we obtained (3.4.1b) by calculating (3.4.1a) at ¢ = 0, i.e.,

Uy — Ui 2 Uy — Uy Uy —U_1;

h 2 07 0,j—1 1,j 07 07 1,j

Uoj = - - iat'a Uo; )

T o =¢ k; ho + Iy ( Iy ho )]H(‘T i Uos)
(3.4.2)

where the point x_; = —h; is a fictitious point with hg := hy. To eliminate

U_1; we discretise (3.0.1c) using central differencing to obtain

U —U_y
eD, Uy, = 5% — golt;) forj=1,.. M. (3.4.3)
0

Eliminating U_; ; by combining (3.4.2) and (3.4.3) gives (3.4.1b). The dis-

cretisation (3.4.1c) is found using a similar method with

Un+i1j — Un-1y
2hn

eD,Uy;=c¢ =q(t;) forj=1,...,M, (3.4.4)

where zy 1 = 1+ hy is a fictitious point with hAxyq 1= hy.

3.4.1 The Stabilised Method

As we may obtain incorrect computed solutions as discussed in §..., we again
employ the stabilisation method described in §2.5.2. For problems of type
(3.0.1) the stabilisation method is, for some constant C > 0and j = 1,..., M,

?hﬁi]’ = éz(tj)Dt_UZ] - 525502']' + f(l'i,tj, UZ]) = 0, (345&)
QAhU--—@AQ(t-)D‘Ul— DUy + (t-)+@f( t;,Us;) = 0, (3.4.5b)
0j -— 285 J t Y05 e/, Uiy Joll; %% Zo,1l5,Y05) = Y, cE.

AhT) hN ~2 —7 7 hN X~
G Un;j = 5 () Dy Unj +eDy Ung — aulty) + 5 flaw, 1, Unj) =0,
(3.4.5¢)

and
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where

£2(t;) := max{e?, Ck;}, (3.4.6)

where C is chosen using Proposition 3.4.1. This new parameter £%(t;) is
picked up if €2 < CA'kj. On a non uniform mesh the resulting system will pick
up £ on the coarse section of the mesh and will remain unchanged on the
fine section. On a uniform mesh this parameter is picked up throughout the
domain. Note £2(¢;) only depends on the time step and not the space step.
As the stabilised method is a generalisation of the standard method we

consider Uij in the following work.

Proposition 3.4.1. Let Uij be a solution of (3.4.5) and let &7 > C*k; for
some C* = 0. If fu(z,t,u) > —C* forallx, t, u then Uz-j s a unique computed
solution of (3.4.5). Furthermore if f,(x,t,u) > —C* and K, < Uy; < K for
all x, t and u € [Ky, K3| then Uij s a unique computed solution between K,
and K.

Proof. The proof of the case with Dirichlet boundary conditions can be found
in [16, Proposition 2.2] and we modify this for the case of Neumann boundary
conditions. This proof can be found in [31, Proposition 3.5.1] and is included
here for completeness.

Suppose there exists two solutions to the discrete problem (3.4.5), ﬁij and
Uij. Define V;; := ﬁij — Uij where

E2D; Viy — 203Viy + [ (i ty, Uy) — [y, Uyy) = 0, (3.4.7)

with
Vio=0, D,Vy,;=D,Vy,;=0. (3.4.8)

Similar to p(x,t) in Proposition 3.0.1, we define p;; := [y fu(ws, 15, Uij —s|U;j—
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A

Uy)ds = —C* and Zy; = Vi;TH_, (1 + kyué; )~ and hence we have
éQ

D7, — %27
1+kjﬂjé;2 t J € T ]+<

Hj
B ) Zii=0. 3.4.9

Using (3.4.1b) the boundary condition equation is

22
£2 A A i — 2o j
j ( 07‘7 07] 1) —52 17] 07] + (1 + 'LL‘] 5 +p0,j> ZO,] — 07

L+ ks kj hi/2 kjf;€; ( ;
3.4.10
and
& <ZNJ - ZN,J’—1> _ 2ZNg — Zn-y
1+ kjpgés? kj h /2 (3.4.11)

11
oy Zys = 0.
<1+kjujé;2 pN”) N

For some constant C* > C* we have €2 > C*k. and hence we can choose
J J j

Pi i sufficiently close to C* and exceeds
1+ p;/C*
C* hence the coefficient of Z;; in the final terms of (3.4.9), (3.4.10) and

Hj ;
+ pij = 0. Therefore we get a matrix
1 + k?jujéj_Q pz] - &
with negative off diagonal entries and positive, dominating diagonal entries,

sufficiently large such that
(3.4.11) are positive, i.e.,

that is we have an M-matrix discretisation. Applying the discrete maximum

principle we get Z;; = 0 and so Uij = Uij for all ¢ and 7. O]

3.4.2 Layer Adapted Meshes

We use the layer adapted meshes described in §1.0.3 and §1.0.3 and give
the full description for those meshes on problem (3.4.1) in the following two

sections.
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The Bakhvalov Mesh [16]

Recall the Bakhvalov mesh discussed in §1.0.3. The mesh points are (x;,1;)
with x; := x(i/N) and t; := t(j /M) where the mesh generating functions are
given by

2e 1
—1 0357
7n<1_4<>, ¢ €10,0,] 82111( 1 )7 0 € (0,64,

w(¢)=4 1 (1 tn) =4 7 \1=2n
2 d‘”‘”(2 C)’ ¢ € (6 1/2, T—di(1—=m), ne01]

1—z(1-(), ¢ €(1/2,1],
(3.4.12)

with
0, =1/4—Cse, 0, :=1/2—Cye? (3.4.13)

for some positive constants C3 and Cj, and d, and d; are chosen such that
z(¢) and t(n) are continuous. Recall the Bakhvalov mesh is a graded mesh
with a fine mesh in the layer regions and graded to a coarse mesh elsewhere.

The mesh generating functions x(¢) and ¢(n) in (3.4.12) are only valid for
e < émin{% 2051} and €2 < 3 min{y?7T, C; '} respectively. When these are
not met the mesh becomes uniform with z(¢) = ¢ and t(n) = n/T.

The Shishkin Mesh [16][32]

The mesh transition point in the x direction, o,, and in the ¢ direction, oy,

are defined as

2 1 2 T
Oy = min{glnN,}, oy 1= min{glnM } (3.4.14)
v 4 g

For the piecewise uniform mesh {x; }*! we divide the region into three inter-

vals, [0, 0,], [0z, 1—0,] and [1—0,, 1] and divide these into N/4, N/2 and N/4

equidistant subintervals respectively. The mesh {tj}j]\f{l is divided into two
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intervals, [0, 0¢] and [0y, T] and these are then divided into M /2 equidistant
subintervals.

This results in a mesh that is fine in the layer regions, near x =0, x = 1
and t = 0 i.e., on [0,0,], [l — 04, 1] and [0, 0], and coarse elsewhere, i.e., on
(02,1 — 0] and [0y, T).

3.4.3 Truncation Error and Accuracy Results

We recall (3.0.1c) and define

Gu(0,t) :== —¢ gz +g0(t) =0, x=0,te€](0,T], (3.4.15a)
z=0
ou
Gu(l,t) =« P —qi(t)=0, xz=1,t€][0,T]. (3.4.15b)
xr x=1

Lemma 3.4.1. Let S(x;,tj;p) be defined by (3.3.116) and let the mesh be
either that of §3.4.2 or §3.4.2. For all |p| < po the truncation error of the
system is, fori=1,....N—1and j=1,..., M,

| T"B(xi,t;;p) — TB(zs, t5;p)| < C(NT2In®" N + M~ In™ M),  (3.4.16)

~ h
|gh6<$0a t]7p)_gﬁ<x0a t]7p)’ g ?;Tﬁ(mm tjap)+C(N_2 1n2m N+M_1 1nm M)7
(3.4.17)

and

~ h
IG"B(wn,tj;p) — GB(zN, t);D)] <2%:7’/3($Natj%19)
+C(N2In*" N + M~ In™ M),

(3.4.18)

where m = 0 for the Bakhvalov mesh and m = 1 for the Shishkin mesh.
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Proof. For points in the interior of the domain this proof follows [16, Lemma

5.1] and [17, Lemma 3.3] and is included here for completeness. For x = 0

and x = 1 the proof is similar to that found in [31, Lemma 3.5.2] where

homogeneous boundary conditions are considered.

We first consider points inside the domain, i.e., for i =1,..., N — 1 and

jg=1,..., M. We aim to estimate

~ 82
’Thﬁ(l"mtj;p) - Tﬁ(ﬂfutj;p” =—¢’ l@i - 83:2] 5ij

_ 0 3.4.19
+ & [Dt - 8t] Bij ( )
+(E%(t;) — %) Dy By
Recalling 8 defined in (3.3.116) we have
82
g2 [5926 - W] (ug + o + Copp) = O(e?), (3.4.20)
and 5
g [Dt_ — 815] (1o + To + vy + Copp) = O(£?). (3.4.21)
Define
Ry = —¢° 52—(9—2 (Tg +ev1), Rg:=¢ D’—g W
1t v~ g | (V0 1) 2 t T g Yo (3.4.22)
and Rg = (éz(t]) - €2>Dt_lD0.
and note
| 7" B(wi, tj;p) — TB(wi,tj; p)| = | Ral + | Ral + | Rs| + O() (3.4.23)
We can consider R, and R3 for ¢ = 0,..., N and will use these results while

calculating the truncation error for the Neumann boundary conditions.
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Truncation error Ry in space.
We first consider Ry and define v(€, t;p) := 99(&, t;p) + ev1(€, t). Taking

a Taylor expansion of v;1 ; about 7 we have

Ovi;  (hs1/2)41/2)% 0%y

Vitl,j =Vij T Ny1/2)+1/2 B + 7 22 s Lol
n (R(is1/2)21/2)° Ovy N (R(is1/2)412)* O* (3.4.24)
3! ox3 4! ox? bz
Recalling (3.4.1e), 62v;; is
0%v;;  hjiq — h; 0%v;;  h2., — 2h;hiiq + h? 0™
52 = ] i+1 7 ] i+1 1/t 7 3.4.25
2T g T g 053 12 oxt| ., 7 ( )
Z; Lit1,lj

and hence the bound for R; in (3.4.22) can be written as

83 v; 64 82 i
|Ri| < Ce?min { hisy — bl | 2| + (hagr + hy)? Yig| L
ot b || OT?
Tit0zit1,t;
(3.4.26)
We note v —/po > 7 and choose § sufficiently small such that v, —/pg—0 >
v, hence
e~ OL—vhodle/e < gmra/e, (3.4.27)
ak ak
As 875'1‘3 = €_kw from (3355) we find
8kv —k _—yxi_1/€
o max ol <ete wiei/e for k=0,...,4. (3.4.28)

Equation (3.4.26) becomes

higs = hi| | (hia + hi)? |
|Ry| < C'min i = hal | (s + i) (13 e /e, (3.4.29)
€ g2
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We now consider the Bakhvalov mesh and the Shishkin mesh separately.

(a) The Bakhvalov mesh
For the Bakhvalov mesh of §3.4.2 we consider two cases; iN ! > 0, — CgN~!
and iN"! < 0, —CeN™t =1/4 — C3e — CgN L.

Case A: iN7' >0, — C¢N~! = 1/4 — C3e — CsN~! with C > 2. Firstly
we have h; 1y £ h; = O(N™!) and so recalling (3.1.3) we have [ivs = ] +

€
(hiv1 + hi)?

= < C. For ;1 we recall (3.4.12) and have

1 —1 2e 1 —1
o= () Eu (o (5Y). eam

which can be written as

1—1 2e 1
o = x( - ) >~ (4Cse +4(Cs + N ), (3.4.31)
Now e~ 1i-1/2 240 t4(CothIN™!) C(e + N71?2 and by (3.4.29) we get
|R1| < CN~2 for iN~! >0, — CGNil.

Case B: iN7! < 0, — C4N~! = 1/4 — Cse — CgN~! with Cg > 2. We
can calculate h;y 1 + h; and |h; 1 — h;| using Taylor expansions and the mean

value theorem as
hi+1 + hl = Tjiy1 — Lj—1 = N_ll'/(é) < ON_II/(Ci+1), (3432)

and

hipt — Bl = |G’ (€) — Gaa’ (O)] < CN72|(C = O)2"(0)] < CN 722" (Giyn),
) . (3.4.33)
where ;1 < CZ < Git1, Go1 < 5 <G < 5 < Giy1, and 2'(C) = ;(1 —4¢)
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2
and z”(¢) = E(1 — 4¢)2. Using (3.4.29) becomes
Y

[Ra| S ONT2(1 = 4Gp) e, (3.4.34)

2
Considering e "%~1/¢ we have x;_1 = — (1 —4¢—1). Thus,
Y

e VTi-1/E _ (1— 4@71>2. (3.4.35)

Noting ¢; = iN~!, (3.4.34) is now

L (1—4(—1)N"1\?
< CN™2 . 4.
Bl < © (1 — 4(i + l)N—l> (3.4.36)
Finally as
1—4(i —1)N~! SN
_ 3.4.37
4G+ DN T4+ N ( )

iNT'=1/4 < —C3e—CgN ™' < —CgN~"and so 1—4(i+1)N~' > 4(Cs+1)N~!

and 5o | — 4(i — 1)N-1 N1
— 1 — - -
) A.
i r )N T ag N S© (3.4.38)

and so (3.4.36) gives |R;| < CN~2 for iN~' < 6, — C¢N~! and hence

|Ri| < CN72, (3.4.39)

for the Bakhvalov mesh for:=1,..., N — 1.
(b) The Shishkin mesh
For the Shishkin mesh of §3.4.2,

4o,N~1, i < N/4,
hi = (3.4.40)

2(1—20,)N~, i> N/4

If 0, = 1/4 then 1/4 < 2y 'eln N and so In"' N < e and e < N7t is broken,
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therefore we consider o, = 2y~ leln N.
For i < N/4 — 1 we have h; = 8y 'eN~'In N and h;y; — h; = 0 giving

(hi+1 -+ hZ)Q

; <CN2In*N. (3.4.41)
9

As e77®i-1/5 1 from (3.4.29) we get |R,| < CN~2In* N for i < N/4—1.
For i > N/4+ 1 we have h; = 2(1 — 4y 'eIn N)N~' < 2N~! and again
hi—l—l - hz =0 glvmg

|hit1 — hil n (hiv1 + h;)?

- > < C. (3.4.42)

Considering e~7®i-1/¢ we have x;_; > 4N"'0,(i — 1) and as i — 1 > N/4 and
recalling (3.4.13) we get x; 1 > 2y 'eIn N. Thus e~ 1wi-1/e < N2 which
gives |R;| < CN~2

Finally considering i = N/4 we note h;, 1 # h; as h; = 40, N~ and h; 1, =
2(1 — 20,)N 1. Therefore h;y 1 — h; = (2 —80,)N~' and h;yy + h; = 2N1

which gives

(hiv1 + hi)? _AN2e2 |Pit1 — hil

: =2N e + 80, N te7t. (3.4.43)
9 3

By (3.1.3) and (3.4.13), (3.4.43) becomes

, 32 = h
(han H 1% o T =il (3.4.44)
e €

As x; > 0, we get e %1/ < N72 and so by (3.4.29) we have |R;| < ON~2.
Hence on the Shishkin mesh,

|IR|<CN2?In*N  fori=1,...,N —1. (3.4.45)
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Truncation Error Ry and Rs3 in time
We now consider R, defined in (3.4.22). To simplify notation in this
section we define w(z, 7;p) := wWo(x, 7;p). Taking Taylor expansions about ij

we have )
ow;; ki 0*w

ot S B (3.4.46)

wjj—1 = wij — k;j

Tt —9%‘71

811]1‘]' + kj 8210

ot 2 ot

i.e., we have

l‘i,tj —th_1

and so Dy w;; =

9*w

ot?

awij
ot

Y

|Rs| < Ce? min {kj

} . (3.4.47)

mi,tj—th_l

Note that ¥4 — py > ¥? and also choose § sufficiently small such that 72 —
po — 0 > 72, hence

o~ (CB-m—0)tfe o =t (3.4.48)
o' o
As prie 5*21%, we can write (3.3.93) in the form
alw —9] — 2t' /62
max |—| <e Ye Tl for 1 =0,1,2, (3.4.49)
te[tj—1,tj41] ot!
and so (3.4.47) becomes
|Ro| < Cmin{k;e 2 1}e -1/, (3.4.50)

For Rj defined in (3.4.22) we have

) 22 N 22 )
|Rs| < waij < Cwefw tj-1/e (3.4.51)
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Using the definition of ; in (3.4.6), (3.4.51) becomes
|Rs| < Cmax{0,C — & /k;}e 7" t-1/=", (3.4.52)

The analysis for Ry and R3 hold true for all i, i.e., i = 0,..., N. We again
consider each mesh separately.

(a) The Bakhvalov Mesh
We consider two cases; Case A: jM ! < 0, — CsM~! and Case B: jM~! >
0, — CsM~1.

Case A: jM~' <60, — CsM~! with C5 > 1. We have

ki < MTYWQEM™) = M 42(1/2 — jM ) (3.4.53)
and e~7*t-1/<> =1 — 2(j — 1)M~'. Combining this in (3.4.50) gives
|Ry| < Cmin{ M~ (1= 2jM ") 1} (1-2( — 1)M ™) (3.4.54)

which can be written as

1—-2(j—1)M! M1

As we have jM™' < 6, — CsM~! and by recalling (3.4.13) we can write
1/2 — jM~' > CsM~! and so obtain

|Re| <CM™' for jM ™' <0, — CsM ™. (3.4.56)

Considering Rj3 defined in (3.4.52) which again by (3.4.13) we have 6, —
JM=t > CsM 1 giving 1/2 — jM~1 > C5sM~! and so recalling (3.4.53) yields

62

0572‘

k; < (3.4.57)
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Using (3.4.57) with (3.4.52) results in

e A

C——<C—~Cs. (3.4.58)

=

J

2

By choosing Cj sufficiently large we have C— Z— < 0 and so R3 = 0.
J
Case B: jM~! > 0; — CsM~'. Recalling 6; from (3.4.13) we have j/M >

1/2 — 0452 — C5M_1 and

tin=—*/vIn(1 -2 —1)M™") > —*/y*In(2M (1 + Cs) + 204&?)

(3.4.59)
and so
e—y2tj_1/s2 < 6111(2M*1(1+Cs)+204€2) < O(M—l +62)' (3.4.60)
Recalling Ry from (3.4.50) we have
|Ry| < Cmin{k;/e*, 1} (M ™! +&?), (3.4.61)
and as k; < M~! and by (3.1.3) we obtain
Ryl <CM™' forj=1,..., M. (3.4.62)

For |Rs| we have C' — e?k;' > 0 implies €2 < CM ! hence (3.4.52) is
R3] < C(C — ek e/ < OM™ +3) < CM (3.4.63)
Hence for the Bakhvalov mesh we have

|Ry <CM™, |Rs|<CM™' fori=0,....N, j=0,...,M. (3.4.64)
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(b) The Shishkin Mesh
2

For the Shishkin mesh we first note if oy = 7/2 then T'/2 < 6—2 In M which
v

2
contradicts (3.1.3) and so o, = 8—2 In M.
v

For j < M/2 we have k; = 20,M ™!, ie., k; = Ce2M~'In M, and so
kj/e* < CM~'In M, and as e~ 7Vti-1/* < 1 then

|Rol < CM~'In M. (3.4.65)
~ e 4 k.
As C — T <C—1/29*M'InM < 2y—2M1'In M < C’—; we also have
j 15
|Rs| < CM~'1n M. (3.4.66)

2
For j > M/2, we have e 7ti-1/e" L e=7°0/e* = N[~1 ag T—g—2 InM>T/2
8

and recalling €2 < CM~! we get
2

Chy—®=CRT 25 MMM =2 >CTM ' =220 (3.4.67)
g

and so we have

|Ro| <CM™', |Rs| <CM™. (3.4.68)

Hence for the Shishkin mesh we have

|Ry] <CM'InM, |Rs)<CM*InM fori=0,...,N, j=0,..., M.
(3.4.69)

Truncation Error for the Neumann Boundary Conditions
Finally for the points z and 2 we consider (3.4.5b), (3.4.5¢) and (3.4.15)
and take zy as an example. We look to find |gAh6(x0,tj;p) — GB(xo,tj;p)].
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Recalling (3.4.15) and (3.4.5) we define Ry as

R hy . _ hie .
Ry = |G"Boj — GBo;] :27;(52(753‘) — &%) Dy Bo; + %Dt Boj — Dy B

h ap
+?;f( 0, tj: Boj) +¢€ e

=0

(3.4.70)

From (3.4.70) we consider —eD, 31, + ¢ ob

and take the Taylor ex-
ox

=0
pansion of 31; to get
_ op ehy 0% eh? 038
—eD ; — =—— — - — 3.4.71
: wﬁlﬂ“ax' Rl T (34.71)
r= r= r=x0+h16

Looking at the final term in (3.4.71), we recall (3.3.55), note xy = 0 and find

h? ? h? o h?
hi 0% _ 8 e (1) S (3am)
3! Ox AR 11> o0& emro /et hb)e €
In N
For the Shishkin mesh of §3.4.2 we have h; = seln , which gives
hi 272
o= O(N~*In"™N). (3.4.73)

For the Bakhvalov mesh of §3.4.2 we can write hy = N~'2/(0 + ) for some

6 € (0,1). Recalling 2/(§/N) = 8—6(1 —40/N)~'. For N sufficiently large we

can say |[(1 —40/N)7Y < C an(;so |2/(§/N)| < Ce and hy < CeN7!| ie,
hi/e < CN~!. Combining these results we have

hi 2y 2m

= O(N~2In®™ N), (3.4.74)

g2

with m = 1 for the Shishkin mesh and m = 0 for the Bakhvalov mesh.
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Combining (3.4.72) and (3.4.74), (3.4.71) is

€h1 625

2 Ox?

- 0P
—eD_ B +¢ 92

‘x:O

hé%(t;)
2e

=0

Considering the term

Dy By; from (3.4.70) we have

hi€2(t;)
2e

_ h - . _
Dy o = 2*; [€2D; Boj + (£°(t;) — €%) Dy oy
Recalling (3.4.64) and (3.4.69) we have

(8%(t;) — %) Dy Bo; = O(M " In™ M),

+O(N"2In*" N).

(3.4.75)

(3.4.76)

(3.4.77)

while taking a Taylor expansion of D; f5y; about ¢;, and noting (3.1.3), we get

h18 h18 aﬂoj

I D B = ——
9 ¢ Poj 2 ot

+0 (M "™ M).
Combining (3.4.75), (3.4.77) and (3.4.78),

_@aﬁog‘ chy 0*p

— S = .t Boi
> ot 2 awr|, " aed ol

+O(N2In*" N + M~ In™ M),

ha

4

ie.,

h
R, = 271750]- + O(N2In*" N + M~ In™ M).
9

A similar method can be used to obtain (3.4.18).

(3.4.78)

(3.4.79)

(3.4.80)
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Lemma 3.4.2. The discretisation (3.4.5) is a Z-field.

Proof. We take the solution matrix Uij with:=0,...,Nand j =0,..., M

and rewrite it as a vector time level by time level, i.e.,

Uoo

Uto

s
U= Uy (3.4.81)

Uiy

Unwr
U = p(z;) i=0,...,N. (3.4.82)

The matrix representation of our system is
TNU = AU + F(X,T,U) =0, (3.4.83)
where A is defined as
Ingq
¢, B

Cyv By

where Iy is the (N +1) x (N +1) identity matrix and C; and B; are defined
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as

£
h1+

where a; :=

h152(t]‘) e
28k‘j hl
g2 €2(t)) 2 g2
hif w, TEWm hahi
e ew
hn—1hn_1 k
1 1
hih; + hihiy1?
_
2¢ek;
_1
k;
_1
_ 22 k]
= &°(t))

xv;?"’_‘

- 2¢ek;

" hnhn—1
£ _'_ hNéQ (tj)
hN QEkJ

(3.4.85)

(3.4.86)
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and F' defined as

— (o)

—p(zn)
M f(xo,t1, Unt) + go(tr)
f(xlytlaUll)

Fi= Flan—1,t1, On_11) (3.4.87)
%’f(l’N, i1, UN,l) —g1(ty)
%f(xoa ta, 002) + go(t2)
f(1,t2,Uno)

fxn_1,tu, UN—LM)

b f (o, tar, Unoar) — 91 (tar)

The Jacobian of the system can be written as J = A + D where D is
defined as

D= K , (3.4.88)

Dy
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with

%fu(xﬂa tja UOj)
fu(1,t5,Unj)

fulzn_1,t;, UNflj)

B fu(an, ty, Uny)
(3.4.89)

Now considering the off-diagonal entries in the matrix J we have that all

off-diagonal entries in D are zero. In B and C' all off-diagonal entries are
non-positive. Hence the operator is a Z-field as all off-diagonal entries of the
Jacobian are non-positive.

]

The following theorem gives existence and accuracy of the unique discrete

solution.

Theorem 3.4.1. With (x;,t;;£p) defined in (3.3.116) and the meshes de-
fined in §3.4.2 and §3.4.2 there exists solutions U;; and ﬁij such that

B(zi,t;;—p) < Uiy < B2, t55p), (3.4.90)
Blwi,tj; —p) < Uiy < Blai ty;p). (3.4.91)

Furthermore for the bilinear interpolants of U;; and (A]Z-j, UZ»Ij and Ui[j, we have

Ub(z,t) —w(z,t)] < CN2In*" N + CM ' 1In™ M, 3.4.92
J
Ul (2,t) — u(z,t)] < OCN2 I N + CM ' In™ M, (3.4.93)

for all (x,t) € [0,1] x [0, T] where u(x,t) is the unique solution of (3.0.1) and
m = 0 for the Bakhvalov mesh and m = 1 for the Shishkin mesh.
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Proof. We call on the theory of Z-fields from §1.0.2 and note as
TNU = &2D; Uy — 26203 + f(a,t, Uy, (3.4.94)
where the mapping

TN RVADHMHD) L RINFD+HM+1) (3.4.95)

is a Z-field.
By Lemma 3.4.1, for C%7 > 0 sufficiently large, we have

T8, tisp) — TB(xi, t;;p)| < Co(N2In*" N + M~ In™ M).  (3.4.96)

Choose p := Cg(N~2In*" N + M~'In™ M) with Cy sufficiently large such
that C7(N~2In*" N + M~'In™ M) < Copy?/3 ie., Cq; < CoCey?/3, i.e.,

TN B (s, t:5) — TBxi, t:5)| < Copy?/3. (3.4.97)

Recalling (3.1.3) we can see Cie? < C}p? and as p becomes sufficiently
small C1p* < Cypy?/3. Again as p becomes sufficiently small we have C}p? <
Copy?/3. Now (3.3.134) becomes, for p > 0,

TB(z,t;p) = Copy® — 2Copy? /3. (3.4.98)
Combining (3.4.97) and (3.4.98) gives
T"B(xi,t;3p) = 0. (3.4.99)
Similarly for —p we find

T"B(xi,tj; —p) < 0. (3.4.100)
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Choosing C sufficiently large we recall (3.4.17) and have

~ h

G" B (o, tj; D) =GB (w0, j; ) = 2*;7‘5(350,153‘;]5)—07(]\772 In*™" N+M~"'In™ M)
(3.4.101)

By (3.3.134) we have T f(xo,t;;p) = 0. We recall (3.3.142) and (3.4.101)

becomes

coCop

G"B(xo, t5;p) = — C7(N2In®*" N + M~ In™ M). (3.4.102)

C()C()Oﬁ

By choosing Cy sufficiently large such that C; < and so (3.4.103) is

_ coCop n c0Cop

G" B0, t53p) > —— 5 =0 (3.4.103)

Hence we have established a discrete analogue of (3.3.120c¢) and (3.3.120d) is
found by a similar method.

As B(x;,tj; —p) < B(xi,t5: D), we have established that the boundary con-
ditions satisfy discrete versions of (3.3.120c) and (3.3.120d), and as (3.3.146)
holds giving a discrete version of (3.3.120e) we have 3(x;,t;, p) and B(x;, t;, —p)
are discrete upper and lower solutions of (3.0.1).

Next by (3.3.121) we have B(x;,t;, £p) = uqs(xi, t;)+O(p). By Lemma 1.0.1
a solution, Ui,j, exists with [(z;,t;, —p) < Uij < B(wi,t;,p). Again by
(3.3.121) we have Uy; = uqs(@;,t;) + O(p) and U}, = ul (z;,t;) + O(p) where
u! is the bilinear interpolant of .

as
As |uly — ugs| < C(N72+ M™Y)|| Dt 1o (p) With

; 5 o\ 1/2
Du:=| Y <axiaxj> : (3.4.104)

,j=1

and by (3.3.2) with the bounds (3.3.55) and (3.3.93) we have || D*uas|| 1o (p) <

200



TIME-DEPENDENT PARABOLIC PROBLEM WITH SINGULARLY
PERTURBED NEUMANN BOUNDARY CONDITIONS

C. By the definition of p above we can say ul, = uq, + O(p) hence UL =
Uqs(zi,t;) + O(p). Finally with (3.3.139) and (3.1.3) we have uqs(z,t) =
u(z,t) + O(e?) = u(x,t) + O(p) which gives the desired result. O
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3.5 Conclusions

We considered a singularly perturbed time-dependent reaction-diffusion equa-
tion with singularly perturbed Neumann boundary conditions. Certain as-
sumptions were made to give a sufficiently smooth asymptotic solution and
to avoid existence of corner layers. The stabilised method was used replac-
ing €% in front of the time derivative with a new parameter, £2(t;) defined
by é(x;;) := max{e?, 6’]{:]} where k; is the time step. By creating upper and
lower solutions the truncation error of the discrete system was estimated. The
problem was considered on two meshes; the Shishkin mesh on which the trun-
cation error was found to be O(N~2In* N + M~'In M) and the Bakhvalov
mesh on which the truncation error was found to be O(N~2+ M~!), where N
and M are the number of space steps and time steps respectively. Existence
of a unique computed solution was proven and by showing the discretisation
was a Z-field we proved existence of the computed solution and obtained

accuracy results for this solution.
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3.6 Technical Properties of the Asymptotic
Analysis

3.6.1 Order of Tug(z,t)

We now consider the order of our system in four regions, the outer region, the

boundary layer region, the initial layer region and the corner layer region.

Lemma 3.6.1. For the asymptotic expansion uy(x) of problem (3.0.1) away

from x =0 and t = 0 we have accuracy

Tuo(z,t) = O(?)  for x € (0,1] x (0,T]. (3.6.1)

Proof. We want to find the order of

TUO(I',t) =€ W — & @"‘F(.@',LO) (362)
As F(x,t,0) =0,
ou ou
_ 2Y%0 280 2
TUO(JJ,t) =& ﬁ — & @ = 0(5 ), (363)
giving the desired result. O]

Lemma 3.6.2. For the asymptotic expansion ug(z,t) + vo(&,t) + cvi(&,t) of

problem (3.0.1) with £ = x/e, near x = 0, we have accuracy

T [uo(,t) + vo(€,1) + cvi(€,1)] = O(e?). (3.6.4)
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Proof. By Lemma 3.6.1 we can write

2
T[UQ(ZL‘,t) + U0(€7t) + 61}1(§7t)] = (52; - 8852> (UU + 8?)1)
+ F(E 1, 8)| 0=t 4 O (ehy.
(3.6.5)
s=vg+EvV1

We now define G(¢) := F(g&,t s) B
e =0, giving

and take a Taylor expansion about

G(2) = 6(0) +6'(0) + 5", 365)

where 0 < ¢* < e. Using G'(¢) and G"(¢) from Lemma 2.7.3, by replacing z
with 0 and r with z, then

G(0) = F(0,t, vo), (3.6.7)
and 8F oOF
710) = (50 + %y ) (3.65)
$ s=vp,x=0
We note G"(g*) is
F 82 82 s=vg+e*v1
4 2 3.6.9
G'(e) = (6 5 +28ug +1382>320x:5*5’ (3.6.9)
which can be rewritten using the mean value theorem as
PF OPF O*F
* _ * 2
g//(g)—(voJram)rE 92205 _ ) +<2§v188 + 182> B N
s=(vo+e*v1)0 s=vg+e*v1
(3.6.10)

for some 0 € (0,1).
As v; decays exponentially as £ — oo by (3.3.55) then [£"v;| is bounded

forn=1,2and ¢ = 0,1 and as F(z,t,u) and its derivatives are bounded, we
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get G"(e*) = O(1). Now for G(¢) from (3.6.6) we have

+O(e?). (3.6.11)

s=vg,x=0

F F
G(e) = F(0,t,v) + ¢ (5?% + Ul%s>

Putting (3.6.11) back into (3.6.5) gives

2
T [ug(x,t) +vo(&,t) +evi(§,1)] = <€2§t — %) (vo +evr) + F(0,t,vp)

oF oF
+ée 587 + v —

2
95 + O(e).

s=vg,x=0

(3.6.12)

Extracting the equations for vg(&,t) and vy (&, t) gives

82’00

~ o + F(0,t,v9) =0, (3.6.13)
and 0%vy OF OF
~ o8 + Vs e =—$5- s (3.6.14)
We are now left with
T [uo(,t) + vo(€,t) + cvi(€,1)] = ezgt(vo +evy) + O(e?), (3.6.15)
and as these remaining terms are O(g?) we obtain the desired result. ]

Lemma 3.6.3. For the asymptotic expansion ug(x,t) + wo(z, T) of problem

(3.0.1) with T = t/e?, near t = 0 we have accuracy

T [uo(,t) + wo(x, 7)) = O(e?). (3.6.16)
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Proof. As in the boundary layer case we start by using Lemma 3.6.1 giving

0 o

s=wo

T[Uo(l',t) + wo(l’,T)] = (87’ - 6261’2> wo + F(JZ,€27'7 S) o— + 0(82)'
(3.6.17)
We define H(e) as
H(e) := F(x,£r,5) Zz;uo, (3.6.18)
and take a Taylor expansion of this about € = 0, giving
2
H(e) = H(0) +eH'(0) + 57‘[”(8*), (3.6.19)
with 0 < e* < . Taking the necessary derivatives of (3.6.19) yields
, OF |7
H'(e) = 2e7— , (3.6.20)
ot |,
and 82F s=woq aF sS=wq
"(e) = (2e7)* 27— 3.6.21
W)= 0| o) (36.21)
Evaluating H(0) and H'(0) we have
H(0) = F(x,0,8)] ", (3.6.22)
and
H'(0) = 0. (3.6.23)
For H"(e) we can use the mean value theorem and get
PF 0’F
"(€) = (2e7)*wo 55 27w ——— 3.6.24
H (5) ( 87—) Wo 9t20s gt + 27w IHtOs S:woea ( )

for some 6 € (0, 1). For the initial layer function, similar to the boundary layer

function, we have |7"wy| is bounded for n = 1,2 as wy decays exponentially as
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7 — 00. As F(x,t,s) and its derivatives are bounded we have H”(¢*) = O(1).

OmF
Noting S| = 0, (3.6.19) is now

s=0

H(g) = F(x,0,wp) + O(£?), (3.6.25)

and from (3.6.17) we obtain

T [uo(x,t) + wo(z,7)] = ((57_ — €2§;> wy + F(z,0,w) + O(e%). (3.6.26)

Extracting the equation for the initial layer function wq(z, 7) yields

9,
# + F(z,0,wy) =0 (3.6.27)

The remaining terms are

6221)0

Ox?

T [uo(,t) + wo(x, 7)] = —€ + O(e?), (3.6.28)

which are O(g?), i.e., we have the desired result. O

3.6.2 Corner Layers; near x =0, t =0

We consider the existence of corner layer functions in the region where both

x and t are small, i.e., we are looking at the asymptotic expansion

Uas (€€, €2T) i=ug(e€, %7) + vo(€, €%T) + evy (€, €°T)

(3.6.29)
+ w0(€€7 T) + QO(€7 7—) + €q (67 7_)7
where ¢o(&, 7) and ¢4 (€, 7) are corner layer functions with
lim QO(gv 7-) = 07 lim q0(€77—) = Oa (3630)
E—o00 T—00
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and
lim ¢;(§,7) =0, lim ¢(&7)=0. (3.6.31)
é*)OO T—00

In this section we will show that by the condition (B5) we have ¢o(&, 7) and
¢1 (&, 7) are equal to zero.
Taking the zero order terms we have, near x = 0 and ¢ = 0, the equation
0 0?

a—T(woJrqo) —a—e(v0+qo)+F(0, 0,v0(&,0)+wo(0,7)+qo(&, 7)) = 0. (3.6.32)

By using (3.3.5a) and (3.3.70a) we get

dqy  0?
5r gz TE(00.0(E 0)+00(0, 7)40) = F(0, 0, w0(0,7) = F (0,0, e0(€,0)) = 0.
(3.6.33)
For the boundary condition, using (3.3.5b) and (3.3.8b), we have
0 0 0
e 220 L < L ) (3.6.34)
or | _, Oxv| _, ox | __,
and equating terms of the same order gives
aQO a(h 821]0
— = — =— — . 3.6.35
or | _, = 0x|_, or | _, ( )
Using (3.3.70a) the initial condition becomes
00(57 O) + vy (57 O) + QO(ga 0) + Eq1 (67 0) = 07 (3636)
and again equating terms of the same order gives
QO(éa O) - _UO(§7 0)7 a1 (57 0) =—U (ga O) (3637)

As F(0,0,0) = 0 and by (3.3.5) and (Bba) we have vy(£,0) = 0, the leading
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order corner layer function is now defined by

900 _ o F(0,0,w0(0,7) 4 go) — F(0,0,w5(0,7)) =0,  (3.6.38a)
or 852 y Yy ) s Uy ; )
with
8qo . . . o . o
e - 07 q0(§a O) - Oa lim qO(fa 7—) - Oa lim qﬂ(ga 7_) =0.
aé’ £=0 £—00 T—00

(3.6.38b)
From (3.6.38) it can be seen that ¢y(£,7) = 0 is a solution to the system.
To obtain a similar equation for ¢;(&,7) we consider wu,,(e€, %) from
(3.6.29) with go(&, 7) = 0 and the problem becomes

or  0e
+F(e€, %1, v0(€,€%7) + evi(€,€°T) + wo(e€, 7) +equ(€,7)) =0,
(3.6.39)

( 0 8) [uo(e€, %T) + vo(€,€2T) + evi (€, €%T) + wo(e€, 7) + equ (€, 7)]

which using (3.6.4) and (3.6.16) gives

4 ’ + F(&Tf e2r _)|”0(5’527)4‘5”1(5,527)4'1”0(5577)4'5‘11(&T) _ 0(62) (3.6.40)

vo(§,27)+ev1(€,627);wo(€8,7)

where the notation F'(-) ngb = F(a+b) — F(a) — F(b) is used. Define

vo(€,677) +ev1 (&, 7)+wo(e€,7) +eqr (€,7)

- 2
G(e) — F(8£7€ T7 ) U0(§,827)+€’Ul(57527');11)0(5577') Y (3641>

and taking a Taylor expansion of this about € = 0 we have
G(e) = G(0) + eG'(0) + £2G" (%), (3.6.42)
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for 0 < ¢* < e. Calculating G'(¢) we have

v0(&,627)+ev1 (€,627)+wo (e€,7)+eq1 (€,
G/(E) - §F$(6§, 527-7 ’)|vgg§,§2‘r;+2v1Ef,;rg;wo?é;‘r)) (e

2 2 U0(£7527)+5U1 (57527)4”!1)0(55,7)“”5(]1 (677—)
+2e7Fy(e€,e°1,e€, €77, 7) ’y0(§,527)+5v1(5,627');1110(85,7')

+[2eTv0, + 263701, + vy + Ewoy + @) Fi(e€, €77, g) (3.6.43)
—[2e7vos + 2% TV1, + V1] Fy(e€, €27, 09 (€, €27) 4 ey (€, €27))
_ngsz(€§7 827—7 w0(€£7 7-))

defining g := vo(&,€27) +ev1 (€, 627) +wo (€, T) +eq1 (€, T) temporarily for pre-
sentation purposes. By a further calculation it can be seen that G”(¢*) = O(1).
Evaluating G(0) and G’(0) we have

v0(€,0)4+wo (0,7
G(0) = F(0,0,) 200 mmetery), (3.6.44)

and (€,0)+wo(0,7)
v0(&,0)+w ,T
G'(0) = EF(0,0, ) |00y
+[U1 + ngx + q1]Fs<07 07 UO(&? O) + w0(07 T)) (3645>
—U1F5(0, 0, Uo(g, O)) — ngxFS“), O, U)o((), 7'))

Now G(¢) from (3.6.42) is
v0(&,0)4+wo (0,7
G<5> = F(07 07 ')|vggf,0§;w0(()[§,7'))
+€ [fFa:((L 07 )|Zgg§:8;,—:qu(()0(?:)-) + (Ul + ngI + Q1>Fs(07 07 UO(§7 0) + ’LU()(O, 7—))
_U1F8(07 07 UO(f? 0)) - fwasz(O? 07 ’11)0(07 T))] + 0(62)'
(3.6.46)

,0 0,7
We note F(0,0,)[2 04607 = 0 as (€, 0) = 0.
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Extracting the O(g) terms the equation for ¢ (&, 7) is

oq 82(11
. 8762 + 1 F5(0,0,v9(&,0) + wo(0, 7))

= _['Ul + wax]FS(Oa O, UO(& O) + wO(Oa T)) + UlFS(()? 07 00(57 0))
+Ewo, Fy(0,0,w0(0, 7)) — EF,(0,0, )20 0) o).

(3.6.47)

As v9(&,0) = 0 and v1(£,0) = 0, (3.6.47) simplifies to

o  Pq
877' - 8752 + quS(()? 07 ’LUo(O, T)) =0 (3648&)

From (3.6.35) and (3.6.37) the boundary and initial conditions are

oq

0:(¢,0) =0, 3

__@UJO

Or

)

=0 z=0 (3.6.48b)
gll{go Q1(€77-) = 07 7_11_>I£10 Q1(£>7—) = 0.

0
Recalling (3.3.92) we have awo’ = 0 which implies ¢; (&, 7) = 0 is a solu-
T

tion of problem (3.6.48). Hence the %orner layer functions ¢o(&, 7) and ¢ (&, 7)
are both zero and we do not need to consider the corner layer separately.

We now consider the order of the system near x = 0 and ¢ = 0 with the
asymptotic expansion u,s(x,t) := ug(x,t) + vo(&,t) + ev1 (&, t) + wo(z, 7) as
we have found ¢o(¢,7) = ¢ (€, 7) = 0.

Lemma 3.6.4. For the asymptotic expansion uqs(z,t) := ug(z,t) +vo(&, t) +

ev1(€,t) + wo(x, 7) near v =0, t = 0 we have accuracy

Tgs(w,t) = O(?). (3.6.49)
0ua5 i auas o 2
o | =90 £ =)+ 0E), (3.6.50)
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Uqs(2,0) = ¢(x). (3.6.51)

Proof. We want to calculate T [ug+vo+ev;+wp). Using Lemma 3.6.1, Lemma
3.6.2 and Lemma 3.6.3 we have

Ttias(2,t) = F(z,t,-)[0T0w0 1 O(?). (3.6.52)

vo+Ev1;Wo

Using (3.1.21), (3.1.16) and (3.1.1), (3.6.52) can be simplified to

F(a,t, )00 — g (v + evy) Fis(2, t, (vo 4 01 + wp)8), (3.6.53)

vo+Eev1;Wwo

for some 6 € (0,1). As F(xz,t,u) is a sufficiently smooth bounded function
and recalling (3.3.54) and (3.3.93), we have

Ttas(z, 1) = O(te~OFP0=07) L O(£2), (3.6.54)

Finally noting te~07P0=97 = g276=07-20—0)7 and as 7 — oo, e~ T P97 ig
exponentially decaying and so e2re~(17P0=07 is dominated by Ce? and we
get the desired result.

For the boundary condition at # = 0, we recall (3.3.5b) and (3.3.8b) and

have
OUgys

e
By (3.3.92) the final term is zero and we obtain (3.6.50) for z = 0.
For the boundary condition at x = 1 we recall (3.1.6) and the bounds

= go(t) + ¢ —— (3.6.55)

z=0

0 _
(3.3.55) giving (an‘gsvl) < Cse~e=vP=0)/e < Ce? and so
&=1/e
ou Jwy
=gt — O(e?). 3.6.56
A IR ICAEE IRy (3.6.56)
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Considering (3.3.70) at z = 1 and using (3.1.7) we have f)awo‘ =0 and so
T
=1

we obtain (3.6.50) for z = 1. By (3.3.54) and (3.3.70b) we get (3.6.51). [

Remark 3.6.1. We make a remark on the corner layer solution without the
assumption (B5b). In this case the analysis for ¢o(&, 7) remains the same and
gives qo(&,7) = 0 however the analysis for ¢;(&,7) differs. With vy(&,0) =
wo(0,7) = 0, we recall equations for vy(,t) and wy(z,7) and define 12 :=

F4(0,0,0) giving the equation for ¢;(&,7) as

o 8762 +% ¢ =0, (3.6.57a)
0 0 ou
ale0)=-u0, ¢ =57 -0
=0 0 2=0 (3.6.57b)

EILIEO q1 (57 T) = 07 7_11_>I£10 q1 (67 T) =0.

At the corner the derivative of the initial condition should equal the boundary

condition, i.e.,
8’01

oy . 8’&0
23

_ ¢ Jug
ox

- Oz

£=0,t=0

, (3.6.58)

=0 z=0
which by (Bba) and (3.3.8a) is satisfied. We note that (3.6.57) is a partial
differential equation with constant coefficients.

If ¢1(&,7) and its derivatives are bounded then the truncation error will
remain the same so we leave finding ¢, (&, 7) as future work. We continue with

the result ¢;(¢,7) = 0 and the assumption (B5b).
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3.6.3 Equations for Derivatives of 0y(&,t;p), v1(,t), Wo(z, T;p)

In this section we give equations for boundary layer functions, initial layer

functions and necessary derivatives of each.

Boundary Layer Functions

For the boundary layer function ¢y we have the following equations for first
derivatives with respect to p and k'* derivatives with respect to t for k =
0,..,2.

We recall the notation L¢[v(-)] defined in (3.3.7) and introduce an exten-

sion to this notation for the perturbed case:

. 0% oF
Le[o()] = e +tv (85

—p]. (3.6.59)
s=vp,x=0

We have the following systems for y(&, [;p) and x(&,1; p),

00y B 5

e + F(0,t,09) — pty = 0, (3.6.60a)
079 ~
-z  =90(t), To(oo,t;p) =0. (3.6.60b)
¢ ey

0y

A = Fn0.0) - 0.0, xeen =0 (3661
£=0

We note (3.6.61) can be given by a Dirichlet boundary condition, x(0,t) =
go(t), rather than the Neumann boundary condition above. We consider the

problem with the Neumann boundary condition so that Lemma 3.3.2 can be
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applied to all problems.

Le l%ﬂ = o, ;%ZO o = %Z“ N = 0. (3.6.62a)

Ce l%ﬂ = —F(0,, 0o), (;1%? L %io, 6820 T 0. (3.6.63a)
Ce [8;;01 — F(0,1, ) — 2%?@5(0,@@0) - @?)2@3(0,@%),

(3.6.64a)

558;20 e 8;;’20, 6520 - 0. (3.6.64b)

For the boundary layer function v; we have the following equations for
derivatives with respect to p and k" derivatives with respect to t for k =
0,....4.

Lelvn] = —EF,(0,1,vp), (3.6.65a)

88? = %lf L mien =0 (3.6.65b)

Le ﬁ?] = —g%?Fxs(O,t,vo) - vlaa?Fss(O,t,vo) — F,(0,t,v9), (3.6.66a)
6;; L (0, ) (0, £, 10(0, 1)), %21 - 0. (3.6.66b)
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Note a@? = 0 is found by recalling Remark 3.3.2.
=00
Eg [ 862 1 = _gaié-ngs(Oa tv UO) - UlT&ﬂFSS«)’ t’ UO)
—¢ %QF (0,t,v0) — v %QF (0,¢,v0) (3.6.67a)
85 zss(U, T, Vg 1 85 sss\Yy by VO
0vy Oy dvg
—2875875}738(07 t, /UO) - 2¥F3M;<07 t’ Uo)’
3
0 Y = % Fs(oaty'UO(Ovt))_Ul(Ovt)QO(t)Fss(()?tvUO(()?t))_Fx(O’t’UO(OJ;))’
853 £=0 Ox =0
(3.6.67h)
82’01
o . —0. (3.6.67c)
o3 0 2 0?
£§ [ 8;1‘| - _3 (a?)) Fx58(07t7 UO) - 3851}2()‘}7355(07 t7/U0)
81)0 3 81)(] 821]0
_5 <a€> Fxsss<0a L, UO) - 35% 852 Fxss(()’ t, /UO)
3 2
_faavigoF%S(Oa t7 UO) B 368 ,U; aa,UOFSS(O’ t’ UO)
; é 2 S . 582 (3.6.68a)
U1 Vo (%1 Vo
3% (G) Pl =9 GER 0
81}0 3 01}0 821)0
—U1 <a§> Fssss<07 t, UO) - 3”187687§2F888(07 t’ UO)
83
_’Ula;;OFSS(O’t’ UO),
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821}1

=~ 5o

84’01

i F,(0,, 00, %))

£=0

£=0
82
—v1(0,1) g% Flo(0,£,10(0,2)) — v1(0,) g3 (t) Fess (0, 2, 19(0, 1)) (3.6.68b)

= 0. (3.6.68¢)

4 2 52 !
ﬁg la Ul] = —6f <UO> MFxsss(O,t,Uo> - 5 <8U0> Fx3858(07t7v0)
F

3
61}0 831)0

ERS

mss(oatav(]) - 45 Fxss<0;tyv0>

2
81}1 81}0 82?)0
— | F t —12———FF
) 558(07 7UO) 85 85 862 sss(oytavo>

dvg \* 62
UO) UOFssss(Ovtav(J)

3
ag) FSSSS<O, t, Uo) — 61}1 (aé_ 8752

4 2 2
—U1 (aUO> Fsssss(07t71}0) - 3'01 (aagvzo> FSSS(()?t’ UO)

Ovg 03y DPvg
T Ve _y= 0
85 a£3 sss(o7t>UO) aé-?)

64’00 5
8754Fx5(07 t, UO) —4| == F:vsss<0a ty UO)

—4U1 Fms(o,t,’l)o)

—£

_4%8%1
o5 0¢3

FSS(07 ta UO):
(3.6.69a)
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v, loa} 2
| "o, Fu(0,,10(0, £)) — 32 (£) Fass (0, £, v0(0, 1))
821}0 821)1
-3 5 . Frs(0,,00(0,8)) = 35 =l 0()F(0,8:0(0.)
81[,0 9 8U0 021}0
‘I’S 87 - go(t)Fsss(Oa t, U[)(O, t)) + 3 87 - 852 o FSS(O, t7 Uo(o, t))
82
—U1 <07 t)yg (t)Fssss(Oa tv U0<07 t)) - 3U1(07 t)go(t) ag;o Fsss(07 t, UO(O7 t))
£=0
83
—0(0,1) a;f Fos(0, £, v0(0, 1)),
(3.6.69h)
84’01
o 0. (3.6.69¢)
Le % ==& Fu(0,t,v0) + %Fm(o,t, Vo)
ot ot
) (3.6.70a)
—U1 <E8(07 ta UO) + %FSS(O) tv 'l}o)) )
8 81)1 . 3 8u0 61)1 .

0% v
Ef l 8t21‘| — —5 (tht(07t7UO) + aitoFa:ts«)a t7?}0)>

—gaa? <Fm(o,t,vo) + %?Fm(o,t,vo)> - 2‘3;% (Fts(o t,v0) + %;Fss(o,t,vo)>
v, (Fm(o,t, o) + %"’0 Flas(0,1 UO)> " a@t (Fm(o t,v0) + %ZOFSSS(O,L v0)>
€ b (0,0,0) ~ 0 (0, ),

., 5 (o o (3.6.71a)
aag (%;) - ( - ) R (3.6.71b)
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Initial Layer Functions

For the initial layer function @, we have the following equations for derivatives
with respect to p and k** derivatives with respect to  for k = 0, ..., 4.

We define £, to be, Unsure how useful this is but keeping for the moment.

Lrlw(-)] = gf +w (?9]; o (3.6.72)
Lw()] = gf +w (af o p) : (3.6.73)
We define a perturbed version of this, £-[w(-)],
Llw()] = gf +w af T p) : (3.6.74)
. l%?} = g 85;‘;0 - 887“;0 - 0. (3.6.75)

i [awﬂ _9 <a“’0) n a‘;O (Fy(z,0,400) — p) = — Fu(, 0, d0). (3.6.76a)

Oz or \ Ox Or
811)0 8@ (9u0 8@)0 .
5o " a  am|. el " (3.6.76b)
o Ll (2,0, 09) — 2250 1, (2,0, 1) — [ 220 2F( 0, )
T 12 z2z\T, U, Wo o zs\ T, U, Wo o ss\L, U, Wo ),
(3.6.77a)
82ZIJ0 82g0 82U0 8%1)0

ox? | _, 822 922 o 022 T_OO_O' (3.6.77b)
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5 63@0 ~ 81110 N aﬁjo 2 ~
Ly [ O3 ] = — Faa(2,0,0) — S%Flms(xvoaw()) -3 (890 Fis(2,0,100)
87170 ’ ~ 821D0 _
- <3x> Fyss(2,0,0) — 3@@49«",0,%)
O \> Oty Oy )
) ((m) 2% g2 | Fel@ 0:0),
(3.6.78a)
oA Po  Pug Py
o3 | _, T o3 ord 7:07 9 | = 0. (3.6.78b)
; 0*y = F (0~)—4%F (0~)_6M2F (2,0, )
T 81‘4 - zzzz\L, U, Wo o zxas\ Ly U, Wo or zxss\ Ly U, Wo
a'lI)(] ’ ~ 811)0 4 _
—4 <ax> Fxsss(.’li, 0, wo) - (83:) Fssss(xv 0, wO)
6211)0 ~ 81110 82&10 _
— 6481‘2 Fzzs(x; O, U)O) — 1287 92 FQJSS(ZL', O, wo)

~ 2 ~
8w0 82w0

0%\ O P 9
B (3 ( wo) +4U}O/w0) FSS(IE’O’QDO) —4 wOFxs(x7Oaw0)>

O0x? Ox Ox3 Ox3
(3.6.79%)
g oo D'y g
ozt | _, drt  Oat G 0 (3.6.79b)

220



Chapter 4

Singularly Perturbed Nonlinear
Elliptic Problem with
Singularly Perturbed Neumann
Boundary Conditions

We consider the following nonlinear singularly perturbed elliptic equation;
Fu:=—*Au+b(z,u) =0 for z=(x1,12) €QCR? (4.0.1a)
with singularly perturbed Neumann boundary condition,

€— =g(z) for x € 01, (4.0.1b)

where b(z, u) and g(z) are sufficiently smooth functions, ¢ is a small parame-
ter such that 0 < e < g9 < 1and A = §?/022+9? /0x3. The two-dimensional
domain is represented by (2 with boundary 0f2 which is a smooth closed curve
and n is the outward normal to this curve.

To obtain existence and accuracy for this problem we will employ meth-

ods from the previous chapters. We consider problems with boundary layer
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solutions and use curvilinear coordinates as in Chapter 2. In this case, the
curvilinear coordinates are used in a narrow strip along the boundary of the
domain. We consider this problem with many of the assumptions made in
Chapter 3, these will be discussed in §4.1. Compared with Chapter 3 there
are no corner layers or initial layers considered here. We will obtain upper
and lower solutions and employ the theory of Z-fields to obtain existence and
accuracy of a solution.

In contrast to Chapter 2, there will now be an error on the boundary com-
ing from the approximation for the Neumann boundary condition, because
of this truncation error analysis will be carried out on the boundary. We
add a term to the upper and lower solutions that differs from that in [14]
and to previous chapters, see the exponential function in the final term in
(4.3.28). This is to dominate terms coming from the truncation error and
so that ((z;,t;; £p) satisfies the necessary requirements of upper and lower
solutions on the boundary of the domain, see Theorem 4.4.1 in particular
(4.4.83) onwards.

We note that the two-dimensional steady state problem considered here
can be generalised to a time-dependent two-dimensional problem by combin-
ing this work with the previous chapter. We do not do this here as it will
complicate the analysis. In this case the compatibility condition, (B5), would

be extended to two dimensions.
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4.1 Hypotheses of the Problem

Setting e = 0 we assume the reduced problem, b(z,u) = 0, has a sufficiently

smooth solution ug(z), i.e.,
b(x,up(z)) = 0. (4.1.1)

As b(x, u) is nonlinear there may be multiple solutions to the reduced problem.
We now make a number of hypotheses for (4.0.1), similar to those in §2.2 and
§3.1.

The reduced solution satisfies

bu(z,up(7)) > 7> >0  for v = (zy,2) € Q. (C1)

There exists a sufficiently smooth function A(x) with € 09 such that

/()A(x) flz,up(x) + s)ds = g2§x)’ (C2)

This assumption is a version of (B2). The similarity is to be expected as the
phase plane analysis of Lemma 3.3.2 remains true in the case of (4.0.1).

We have a version of (B3) for the two-dimensional problem (4.0.1), i.e.,
sf(z,ug(z) +5) >0 fors e (0,A)], v € 9. (C3)

This assumption has been discussed in §3.1.

For presentation purposes we assume, without loss of generality,
g(x) <0 for z € 09, (C4)

and again assume
e<CN™ (4.1.2)
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4.2 Existence and Accuracy of Discrete Solu-

tions; Main Results

This section gives the main result of the chapter; that is existence and ac-
curacy of a discrete solution to problem (4.0.1) for the discretisation (4.4.4),
(4.4.67) and (4.4.74) with (4.4.55) and (4.4.70) that will be given in §4.4.

Theorem 4.2.1. For the Bakhvalov and Shishkin meshes described in §4.4.1,
N sufficiently large and € sufficiently small, there exists a solution U; of the

discrete problem with
U(X;) —u(X;)| < CN2In*" N, (4.2.1)

for all mesh nodes X; € Q where u(X;) is the evact solution of (4.0.1) and
m = 0 for the Bakhvalov mesh and m =1 for the Shishkin mesh.

4.3 Analysis of the Method

4.3.1 Curvilinear Coordinates

As the reduced solution ug(z) does not necessarily meet the boundary condi-
tion (4.0.1b) we look for solutions that exhibit a boundary layer near z € 0.
Therefore we use the curvilinear coordinate system described in §2.4.1 with
the alteration that r = 0 representing the curve 0€, i.e., we use the curvilin-
ear coordinate system in a narrow region inside the boundary 0. We have
curvilinear local coordinates (r,[) in a narrow strip along the boundary 0f.
These are defined by

r1=q () +rni(l), x2=q(l)+ rna(l), (4.3.1)
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where 7 is the distance between a point and the curve 9€) along the outward
unit normal vector to 92, n = n(l), at the point on the curve represented
by (q1(1),g2(1)). We note that choosing the outward normal results in r» < 0
throughout the layer region. However, this choice keeps the notation similar
to that in Chapter 2. As 0f) is a smooth closed curve in a narrow region
inside this the coordinates z(r,[) are well defined, i.e., the mapping (z1,x2)
and x(r, 1) correspond one-to-one and is invertible. If 9 is not a smooth
closed curve then z(r,1) is not well defined and the following work does not

hold true. Recall Lemma 2.4.1 where the Laplace operator is given as

0 ou 0 ou
R
Auw:=1) or <n8r> + ol (C 0l> ’ (4.3.2)

where

n(r,l) :=1+rr, ((rl):= ()", (4.3.3)

and
/) /)

T=1() =/¢? + ¢, kK =r(l)= % (4.3.4)

As r points in the same direction as n we have

ou  Ou
Erlew (4.3.5)

4.3.2 Regions

The region we are considering is 2 € R? with smooth closed boundary 0.

Using the notation
Qap) = {x(r,]) €Q:a <r < b}, (4.3.6)

of Chapter 2 we define the layer region as _., o) and the closed layer region

as Q[_¢, o) where ¢ is a sufficiently small positive constant. The outer region
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is given by () and we note ) := Q\Q[—cl,o}- These regions are represented in
Figure 4.1.

We adopt the notation I', := {z(r,[) : » = a} from Chapter 2 and call the
interface between the layer region and outer region I'_.,. The boundaries of
Q[—c, 0y are 02 and I'_,. Points on 02 are defined as z = (0,1), i.e., z € 02

and we note [y = 0f) with the notation given here.

o082

Figure 4.1: Regions of €).

4.3.3 Asymptotic Expansion

We define the stretched variable & as

r=¢et. (4.3.7)

0
AU = ek~ + = + %

o o £ gQT, (4.3.8)

al ol
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and by (4.3.5) and (4.3.7) the normal derivative becomes

ou 10u

— = - 4.3.9
on  e0¢ ( )

The asymptotic expansion of the solution to order £? is
Ugs () 1= up(x) + [vo(&,1) + ev1(&,1)]Y(2), (4.3.10)

where ¥(z) € [0,1] is a smooth positive cut off function described after
(2.4.29), ie., ¥(z) = 1 for |r| < % and ¥(z) vanishes for r € Q\Q_,, g
Although v;(&,1), i = 0,1 are negligible outside the layer region they are not
necessarily zero and as z(r,[) is only well defined within the layer region this
cut off function eliminates v;(&,[) outside the layer.

We define

B(z,s) = b(z,up(z) + s). (4.3.11)

We note B(x,0) = 0 and, as in the previous chapters, we have

™ B
0 =0, m=0,1,2 (4.3.12)
orm 0
and so .
‘ 5y <Cls|, m=0,1,2. (4.3.13)

For the function vy(§, 1) we have the following equation;

821]0 _
— 852 + B(l','U()) = 07 (4314&)
87)0 _
2 =g(x), wvy(—o0,1)=0. (4.3.14b)
9 |,

The perturbed version of vy(&,1) is given by the function 7y(&,[;p) with
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00(&,1;0) = vo(&,1) and is described by

0?0 L ~
o 652 + B(.CE, UO) — Pvo = 07 (4315&)
07 L
-z | =9(@). To(oo,l;p) =0, (4.3.15h)
o0& £=0

As in Chapter 2 and Chapter 3 we define

0% 0B
Le[v()] = 55+ 55 . (4.3.16)
and so v1(&,1) is defined by
8110 0B
ﬁf[vl] = /‘Qaié_ — fﬁ r_x’s_vo, (4317&)
dui|  __ O _
875 o = Ir - s Ul( o0, l) =0. (4317b)
We also define L¢[v(-)] for later use as
Lelv()] = Lelo()] = po(-)- (4.3.18)

Lemma 4.3.1. For the asymptotic expansion u.s(x) from (4.3.10) we have

Fugs(z) = O(e?)  for x € Q, (4.3.19)

Oy

€
on _
T=

= ¢(3). (4.3.20)

Proof. To obtain Fu,, in the necessary regions we call on Lemma 2.7.1, Corol-
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lary 2.7.1 and Lemma 2.7.3 of Chapter 2 with u.s(z) = up(x
evy(&,1) rather than u.s(z) = ug(x) + e2ug(x) + vo(&, 1) + vy (&,

and obtain

) + UO(&J) +
1)+ %y (&, 1)

Fup(z) = O(e?)  for x € Q\09, (4.3.21)
Fugs(r) = O(e?) for —c; <7< —%1, (4.3.22)
Fugs(r) = O(e?)  for — 62—1 <r <0, (4.3.23)

giving (4.3.19).
We find (4.3.20) by noting (4.3.5), taking derivatives of (4.3.10) with
respect to r and recalling (4.3.15b) and (4.3.17b).
[l

We define

2. — mi 7 7 2 4.3.24
i lg[lolg]bu(x,u()(x))>% (4.3.24)

with pg € (0,7%) and v defined in (C1).

Lemma 4.3.2. There exists functions vy(&,1), 0o(&,1; p) and v1(&,1) satisfying
(4.3.14), (4.3.15) and (4.3.17) respectively with the properties

- 07 07

0 < (&, 1:p) < A(D), ) =20 L5, 4.3.25

(e ) S AQ, (e =2 <0, T (4.3.25)
for £ <0 andl > 0. Furthermore for 6 € (0,7, — /Do), there exists Cs >0
such that
8k+m60

dErDIm

8k+mvl

DERAIM

07y
Op

< 6_’56_(7L_\/7T0_6)|£|, (4.3.26)

0%
Opog

fork=0,1,2, m=20,1,2 and k +m < 3.

Proof. By (C1), (C2), (C3), and since [W(¢,1)| < C(1 + [¢[%)[x(&,1)] holds
for U(¢,1) equal to the right hand sides of equations for 0y(&,1) and v (&, 1)
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we can apply Lemma 3.3.3 and get the results for derivatives with respect to
r, [ and p. Similarly taking mixed derivatives of (4.3.15a) and (4.3.17a) and

applying Lemma 3.3.3 gives the bounds for mixed derivatives.

0?0
To obtain a bound for apg% we have
s | 0?09 07y 00 07 _
= — — By (7, 09), 4.3.27
3 [apa€] 85 af ap (]3 UO) ( a)
9 %o = —0(0,; )+% (Bs(0,t,00(0,1;p)) — p) s =0
ag 8]?85 o 0\Y, b, 8]7 o s\Y, b, Uo\Y, ) apag oo
(4.3.27D)
and as the requirements of Lemma 3.3.2(ii) of Chapter 3 are met, applying
2~
the lemma we have the bound for il in (4.3.26). O

Opo&

4.3.4 Upper and Lower Solutions

Define §(x;p) as
B(a;p) = uo(@) + [T0(&, [ p) +ev1 (€, D]I(w) + Cop(1+ e *"Ve(x)), (4.3.28)

where () is a sufficiently large positive constant, ¢y is a sufficiently small
positive constant and e~/"/¢ is introduced such that 3(x;=+p) will satisfy
(4.3.31c). The addition of Cyp ensures (sgnp)F[(x;p) = 0. We note 5(z;p)
of (4.3.28) can be written as

B(w;p) = tas(x) + V(& 1;p) + Copp(r) (4.3.29)
where p(r) := 1 + e~%I"/=Y(z) and

V(& i) = [00(&, 1 p) — vo(&, D]I(2). (4.3.30)
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We claim §(z; £p) are upper and lower solutions to (4.0.1) i.e., they satisfy

B(x; —p) < B(x;p), (4.3.31a)
FB(x;—p) <0< FB(z;p), (4.3.31D)
e W <@ <e aﬂg;;p) _ (4.3.31c)

Corollary 4.3.1. Let V(&,1;p) be defined by (4.3.30). For |p| < po we have

oV
V] + ’ <Cylpl, (1332)

23

for some sufficiently large positive constant Cy .

Proof. Recalling (4.3.30), it is clear that |V| < |0y — vp] as 0 < ¥ < 1. Now
taking a Taylor expansion of the perturbed terms of [V| + |Vg| about p = 0

and cancelling terms gives

LoV |, o
3

v 0

, (4.3.33)

~X

2~
‘ ‘ 8 Vo
=p

1P Beap

p=p

0?0 o
with p € (0,p). By Lemma 4.3.2, 2% and 22 are bounded and exponen-
0&0p op

tially decaying as & — —oo hence we can find C'y sufficiently large such that
(4.3.32) holds. O
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Corollary 4.3.2. Let B(x;p) be defined in (4.3.28). For |p| < po we have

B(x;p) = uas(z) + O(p), (4.3.34)
and for p = 0,
B(x; —p) < Uas(w,t) — Cop < Uas(z,t) + Cop < B(z;p), (4.3.35)
ap 0B
. <9(@) < - (4.3.36)
or r=0,p=—p or r=0,p=p

Proof. This proof follows that of Lemma 3.3.11.

Considering f(x;p) in the form of (4.3.29) we recall (4.3.32) and get
(4.3.34).

As aajjo > 0 by (4.3.25), then 9y(§, [; —p) —vo(€,1) < 0,and as 1 < p(r) < 2

and 0 < ¥(x) < 1 we have
ﬁ('ru _25> < uas(«r) - C’OI3 (4337)

Next uqs(2) — Cop < ugs(x) +Cop as p = 0. Finally, as 99(&, [; p) —vo(&€,1) = 0
we also have
Uqgs(w) + Cop < B(z;p), (4.3.38)

hence (4.3.35) is satisfied.
For the boundary conditions we recall (4.3.20), (4.3.15b) and (4.3.14b)

and get
L _ (@) + e 2P
o T = g(x) + Cope ol (4.3.39)

=0,p=p r=0
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Calculating gp we note aa|7“| = —1 for r € Q and have
r r
dp
— = Cp. 4.3.4
9 ar L Co ( 3 0)

Now, noting Cy, ¢y and p are positive, (4.3.39) becomes

0 . o
(’95 = g() + Cocop = g(T). (4.3.41)
"lr=0p=p
Similarly,
9 , -
86 = g(x) — Cocop < 9(7), (4.3.42)
" 7":07]7:—15
and hence (4.3.36) holds. O

Lemma 4.3.3. Let f(x;p) be defined by (4.3.28). For 0 < p < py we have
FB(x;p) = CoppBs(Z, 0)+pvo(1+Cop)) —c2Cope I 1O (2 +p%), (4.3.43)

where \ := Bys(Z,v90) and O(x) € (0,1).

Proof. As we have established (4.3.19) we now consider

fﬁ - fuas = _€2A(V + C()ﬁp) + b(l‘7 5)|S:ﬂ : (4344)

Recalling (4.3.2) and (4.3.32) we have

2
—’AV = _3822/ +O(e* + p?). (4.3.45)

From (4.3.14a) and (4.3.15a) we can write

0*V

gz = B(@ 1) = plo — B(Z, w), (4.3.46)
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and taking a Taylor expansion (4.3.46) becomes
%2;2/ = VB,(Z,v0) — pvo + O(p%).
Next, by (4.3.44),
—Cope*Ap = —Cop(erco — cf)e@IMe,
which can be written as

—Cope®Ap = 2Cope= Ve 1 O(* + p?).

Next, the last term in (4.3.44) can be written as

b(x, 3)‘S=5 = b(z, s)gzﬁaSW + b(x, 5)s=uas+v_

S=Ugqs S$=Uaqas

The first term in (4.3.50) can be written as

b(x, 3)§zﬁ v = CoppBy(xz,v0 +cv1 + V) + O(p%),

Uq

and a Taylor expansion of (4.3.51) about Z gives

b(, 5)§25a5+v = CoppBs(Z,vo + vy + V) + O(e* + p°).
Taking another Taylor expansion and noting (4.3.32) we obtain
b(xa 5)§zua5+v = COﬁsz(ja O) + Coﬁﬂvo)\ + O(€2 + 232)7

where A\(x) := Bss(Z, vof). For the second term of (4.3.50) we have

(4.3.47)

(4.3.48)

(4.3.49)

(4.3.50)

(4.3.51)

(4.3.52)

(4.3.53)

b(x,8)5=testV = VB (2, vg+evy) +O0(p?) = VBy(Z,v0) +O(p* +£2). (4.3.54)

S§=Uqgs
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Hence,

b(z,s)[=0 = CoppBs(@,0) + CoppuoX + V By(Z,vp) + O(e® + p*). (4.3.55)

S=u,

Combining (4.3.47), (4.3.49) and (4.3.55) and recalling Lemma 4.3.1 we
get (4.3.43). O

Corollary 4.3.3. Let 5(x;p) be defined by (4.3.28). There exists sufficiently
large positive constants Cy and Cy such that for 0 < p < pg we have

Copy?
2

FB(x;p) = — Cy(e* +p), (4.3.56)

and .,
- Copy
2

FB(x;—p) < + Cy(e? + p?). (4.3.57)

Proof. Considering the case with p = p we recall (4.3.43) and have
FB(w; p) = CoppBs(%,0)+pvo(1+CopA) —cgCope™ " +0(e”+p%). (4.3.58)

Choose Cj sufficiently large such that 0 < Cyp < [A(z)]™!. As 1< p <2 and
recalling (C1) and (4.3.25) we find

FB(x;p) = Copy* — c5Cop — C1 (% + p2). (4.3.59)
Choosing ¢, sufficiently small such that

2
Cy <

2
g
. 4.3.60
2 ? ( )

we get (4.3.56). The second bound (4.3.57) is obtained by a similar method.
[l
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Chp 2
From Corollary 4.3.3 if p > 0 and 057 dominates C}(g? + p?) then
FB(x;—p) < 0 < FB(x;p) and as f(x; —p) < f(x;p) from Corollary 4.3.2,
p(x;—p) and B(z;p) are ordered upper and lower solutions to (4.0.1). This

is now shown in Corollary 4.3.4.

Corollary 4.3.4. Let f(x;p) be defined by (4.3.28). For 0 < p < p we have

Bla; —p) < u(z) < B(x;p), (4.3.61)
and
[u(2) — ugs ()] < CE°. (4.3.62)
: : _ 9 2C,
Proof. We consider terms in (4.3.56) and choose p := Cye® where Cy > o2
ie., o
Coy*p = 20,€°. (4.3.63)

Now considering C;p* we choose Cy sufficiently large such that ¢ < 1/C,.
Hence, p = Coe? < € and so C1p? < Ce? implying

—Cy(e® +p?) = —2C, €% (4.3.64)
Combining (4.3.63) and (4.3.64) in (4.3.56) we find
FB(z;p) = 201e* — 201e* = 0. (4.3.65)

Similarly we obtain
FB(z;—p) < 0. (4.3.66)

Hence the requirements (4.3.31) are met, i.e., we have (4.3.35), (4.3.36) and
FB(z;—p) < 0 < FfB(x;p), and so f(x; £p) are ordered upper and lower
solutions to (4.0.1) satisfying (4.3.61). Recalling (4.3.34) and p = O(e?) we
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have
B(x;p) = uqs(z) + O(?), (4.3.67)

and by (4.3.61) we have shown (4.3.62). O
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4.4 Discrete Space: Analysis of the Numeri-
cal Method

In this section we find a discretisation for problem (4.0.1). This discretisation
is similar to that in Chapter 2. We give a finite difference discretisation for
the layer region and a finite element discretisation for the outer region. We
consider the interface between the layer region and outer region from both
sides of the interface curve and combine the results to obtain results for the
interface curve itself. We again call on Z-fields as described in §1.0.2 to obtain
existence and accuracy of the discrete solution Uj;.

As in Chapter 2 we define 7 as a small positive parameter such that
7 < ¢p. The curve T'_; := {z(r,]) € OV : r = —7} is a smooth closed curve
in OV that does not intersect QY. We discretise the layer region Q(_, o] by
Qro = {2(r,1) : =7 < 7 < 0}. Let Q be defined as the interior of I'_,.

These regions are represented in Figure 4.2.

(a) The boundary layer re-
gion (o

(b) The curve T'_,. (¢) The outer region Q.

Figure 4.2: Discrete Regions of Q.

We use finite differences in curvilinear coordinates in €(_. o and employ
a tensor product mesh. Again as in Chapter 2 for the outer region QY we

use piecewise linear finite element on a quasiuniform Delaunay triangulation.
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As in [14], we are using curvilinear coordinates in a narrow region along the
boundary and so have not replaced the boundary of the domain 02 by a
polygonal boundary. If a polygonal boundary was used a significant portion
of the boundary layer would be lost.

We note that this section differs from §2.5 by the location of the layer
region. In this chapter we have a boundary layer region. The curve I'y in
Chapter 2 is similar to 02 in this chapter. We use negative indices here so
that the notation matches that of Chapter 2 for r < 0.

4.4.1 Layer Adapted Meshes

As in the previous chapters we consider layer adapted meshes for this prob-
lem. We consider the Shishkin mesh and the Bakhvalov mesh of §1.0.3. We
rescale our mesh in the r direction as this is the direction of rapid change
of our solution. As the asymptotic expansion in this chapter is simpler than
that of Chapter 2, the Bakhvalov mesh can be used without much further
complication.
We define the mesh transition point 7 for both the Shishkin and Bakhvalov
meshes as
7:=2y"teln N, (4.4.1)

where 7 is defined in (C1). Define h as the maximum side length of any
triangle, i.e., h := max; h;. We recall the description of the tensor product
mesh and the fictitious Neumann boundary condition in § 2.5.1. These hold
for this problem with r < 0.

We use the Shishkin mesh as described in Chapter 2 §2.5.1 with the alter-
ation that the boundary layer is located around 0f2 rather than I'y and that

r is always negative. As in Chapter 2, we have a uniform mesh {r;}¥, on
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[—7,0], with r; —r;_y = 7/N = 29y71eN~!'In N. For the Shishkin mesh,
h:=e'minh; = CN"'InN. (4.4.2)
j

We use the Bakhvalov mesh as described in Chapter 3 § 3.4.2 i.e., the

mesh is defined as

rii=r([1—¢)i/N),i=0...,N, 7(():=—-2y"eln(l ) for  €[0,1—¢].
(4.4.3)

As was the case in the continuous space, in the discrete space we may
write x;; = (r3,1;) and z;; = (&,1;) for z;; = x(r;, ;) and z;; = (&, 1))

respectively.

4.4.2 Discretisation of the Boundary Layer Region _;

We use Newton’s method with finite differences to solve (4.0.1) in the bound-
ary layer region in which —7 < r < 0. This is represented in Figure 4.2(a).
The discrete system FNU,; for i = —1,...,—N +1land j =0,..,N,— 1, is

fNUi' = _527]@'31Dr [ﬁljDr_UlJ} - €2<1'le [EZ]DfUU} -+ b(l’ij, UZ]) = 0,

(4.4.4a)
and for i =0, j = 0, ..., N; — 1 we define the discrete system GV as
262 2¢e hoﬁ
gNU-::DTU—(ur ) :
%y Y T 2 ) (4.4.4D)
— &%(o; Dy {§OijU0j} + b (205, Upj) =0
Uin, = U, U-1=Un1, (4.4.4¢)
where ¢ and 7 are described in (4.3.3) and
zij = x(rily), i =0 l), Gy = Crily), (4.4.4d)
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Nij = 7)(7‘1‘—1/2, lj)7 gij = <(ﬁ‘—1/2, lj)a (4-4-46)
_ Vij — Vi—1,5 Vit1,j — Vij
D vy = ——"20 D= ) 4.4.4f
nY TP — Ti1 T (i —im1)/2 ( )
_ Vij — Vij—1 Vij+1 — Vij
D Vij ‘= A, D Vij ‘= J J s 444
R T G = L)/2 (4448)
hi=r;—ri_1, gj:=g(Z) =g(0,1). (4.4.4h)

The discretisation along the boundary given by (4.4.4b) was found by
taking a central difference discretisation of the Neumann boundary condition

(4.0.1b), i.e.,
U1 i U_1 j
L 27— g(0,0) = g, 445
I g(0,D) = g (1.45)
where U, ; is the solution at the ghost point 7 located at a distance of hy
outside the domain, i.e., hy := 1, —rg where hy = hg. Then (4.4.5) is combined

with (4.4.4a) to eliminate the ghost point Ui ; and give

g2 2e

G Uoj =-—0; (71 + 70;) Dy Uoj — 1o, 111 9
ho hO

(4.4.6)
— %, Dy [COle_UOJ'] + b (x5, Ups) = 0.

This is the same method used in Chapter 3 for the boundary condition of the
time-dependent problem and in Chapter 2 on the interface for the fictitious
Neumann boundary condition. Taking Taylor expansions of 7;; and 7jy; and
noting ' = k, then

holi

My +7oj = 2005, T = Noj + D (4.4.7)

We also note ny; = 1 as 79 = 0 and recall the definition of 7 in (4.3.3). Hence
we can write (4.4.6) as (4.4.4b).
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We introduce the function Gu(z), similar to (3.4.15) in Chapter 3, as

Gu(z) ==« gz - g(x) =0 (4.4.8)

In order to calculate the truncation error of the system on the Bakhvalov
mesh we first present an auxiliary result for a non uniform mesh to simplify
presentation. This is similar to Lemma 2.5.2 however we require the result
to a higher degree than in Chapter 2.

Let w(t) be some function. Consider
Muw = —q(t) (p(t)/ (1)) (4.4.9)

and, for the case with a non uniform mesh, take the discrete analogue of
(4.4.9) to be

MNw; = —g;D (ﬁiD’wi) fori=1,..,N—1, (4.4.10a)

where
D w; == (w; — wi—1)/kiy,  Dw; := (wiy1 — w;) /Ky, (4.4.10b)
ki:=(ki+kiy1)/2, ki:=t;—t;_1 and p;:= Pi1- (4.4.10c)

We want to evaluate the truncation error R, := MNw,; — (Mw);.

Lemma 4.4.1. Let [wY| < C and [pV| < C for j = 0,...,3. For a non
uniform mesh the truncation error R; := MY w; — (Mw); of (4.4.10) is

R; = ¢ _M@MI)I/ _ ki — kikia + K

2 ‘ 223!

,LR,Q /'// !
(o) — PE) 0<k3>]

223
(4.4.11)

where kK = max k;.
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Proof. Define v := pw" and V,_

:= p; D~ w;. For a non-uniform mesh,

N

Vit1/2 — Vi-1/2 (Vz‘+1/2 - Uz‘+1/2) - (Vz'—1/2 - Uz’—l/Z)

Ri = q; l—
A B
(4.4.12)
Taking a Taylor expansion of A and cancelling terms we have
ki1 —k; k2 | — kik; k2
A=t 2Ry N TR TR Ok, (4.4.13)

2 ! 223!
Recalling that v := pw’, (4.4.13) becomes

ki1 — ki
2

K2,y — ik + k2

A=- 9223

(pw')i — (pw)! +O(K).  (4.4.14)

Similarly,

2 " 2.,
. pi+1/2k7i+1wi+1/2 — Pi-1/2k; Wi_1/2

B
2231k,

+ O(kY), (4.4.15)

where k := maxk;. Using the mean value theorem, and noting ki = K;,

this can be written as

(i wy")'

B ="

+ O(kY), (4.4.16)

giving (4.4.11). O

Lemma 4.4.2. Let B(x;p) be defined by (4.3.28), and the mesh {r;}; 2 be
the Shishkin mesh or Bakhvalov mesh of §4.4.1. Then for all |p| < py we have

\FNB(wij,p) — FB(xijyp)] K CN2I*™ N 255 € Q_r ), (4.4.17)

h
19" 805, p) = GB(0;, P)| < 5 FB(wojp) + ON ™™ N 5 € 007,
(4.4.18)
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where m = 0 for the Bakhvalov mesh and m = 1 for the Shishkin mesh.

Proof. We first want to consider
FNBij — FB(wy)  for zy; € Q1) (4.4.19)

For derivatives with respect to [, we use Lemma 2.5.2 of Chapter 2 with
w=p8,p=C(q=C(t=land k; =1; —l;_y,ie., k< CN™! < Ch and find

—&%Gi;Dy |G Dy Bis| + €C(CA) = O(EN ). (4.4.20)
Using (4.4.20) and noting N~ < Ch we have
FNBij — FBlxiy) = —*n;' Dy [l Dy Uy | + €07 (nB,), + O(e%h). (4.4.21)
From this we rescale r and define

Rij == —n;; De {ﬁing_ﬁz'j] + U_l(nﬁg)g‘ (4.4.22)

Tij
We now estimate R;; on the Shishkin mesh for points in the interior of
Qi+, ie., in Q_,p). In this region the mesh is uniform and so we can
call on Lemma 2.5.1 of Chapter 2 with w = 3, p=1n, g =171, t = £ and
ki=¢& —&_1,1e, k= h and have,

Ly O (0P8 O (.08 -
Rij = _2T3!h Mij {af (71063> + o6 (7785>} +O(h%).  (44.23)

akﬁ 8kﬁ akﬁfl
< — | < <
As oer < O, aek < C and oer < C then
|Ri;| < Ch2. (4.4.24)

Recalling the definition of & in (4.4.2) the truncation error of the system in
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the layer region on a Shishkin mesh is
|Ri;| < CN"2In* N. (4.4.25)

We now look to find a similar result for the Bakhvalov mesh. Applying
Lemma 4.4.1 with w = 8, p=mn,q=n"1t = and k; = & — &_1, ie.,
k; = h;/e we get

e 1
Rw—%[ T oe

_ Pt — hlﬁ % . h12+1 — hihig1 + b3 873 %
Toc ), 22312 o \"o¢ ),
Al A2
1 0 (, &8 B3
—p%%%Gﬁwgﬁ+o@3’
Az

(4.4.26)

where h := max; h;.

Considering the Bakhvalov mesh of §4.4.1 we first consider the region with
iN~! < 7 — CgN~! with Cg > 2. Using Lemma 3.4.1 of Chapter 3 we have
that the following results hold true in the two-dimensional case, with the
alterations that r is rescaled using (4.3.7) and the Bakhvalov mesh is defined
(4.4.3),

|hi+1 + h'z| < C€N_15Z{+1, |hi+1 — hl‘ < CEN_QSQI_,'_D (4427)

and

€O ="1-97 O="1-07" (4.4.28)

Considering e~ "¢-1l we have &_; = =2y 'In (1 — (;_;) and so

e M1l = (1 - ¢y)”. (4.4.29)
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and so
kB

5 <C(1—¢Goa). (4.4.30)

We consider the three terms of (4.4.26) separately and we first consider
A;. Using (4.4.27) and (4.4.28) we can write

|Ay| =

hi+1—hz‘32< oJ6)

ie.,

(4.4.32)

o (Ll

1—(G—1)N-!
and by recalling iN~! < 7 — Cg N~ with Cs > 2 we have (i +1)N~! < 7 and
(i —1)N~! < 7 giving

|A)| < CN2 (4.4.33)

To calculate Ay we first consider (h7,; — hihip1 + h)/e. As hipq/e =

h
(Giyr — G)E'(C) and hy/e = (¢ — Ci—l)f/(g) where ;1 < E < G < ¢ G

Note Cip1 — G = ¢ — G—1 = N~! we can write

hivr — hiliga +hi N=2((0))? — N‘%’(é)&'(f) + N_2(§/(C:))2> (4.4.34)

22
and as &'((;) < &'(Giy1), (4.4.34) becomes

h2., — hihiey + h?
52

< ON2(E(Gi))” (4.4.35)

For A, we can use (4.4.35) to get

|Ag| = < CN72(€/(<H1))2677\§¢71|,

h2, = hihiy + B2 0* (9B
2312 ¢ y

.
(4.4.36)
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and using (4.4.28) and (4.4.29) we have

—(i+1)N~!
—(i—1)N-!

2
1
|Ay] < ON™2 <1 ) < ON72

Finally for As, the quotient rule gives

j

37 92312 o€ 778753 22312 9¢3

h4
ro <5)
ij
Now considering the first term we have
h? o 033
223122 9¢ \ " o3

and again using (4.4.28) and (4.4.29) gives

Boo [ 08 (1= (i+ )N i
v < < .
223122 ¢ <” a§3>‘ SON (1 —G—nn1) SOV

< ON~2 (€£+1)26_7|§i—1|

For the second term in A; we have

(1—(i—1)N-1)? ON~?

S CN_Z(l GNP S -G DN

2 i 8375

Since 1 — (i + )N ! > (Cg — )Nt asiN' <7 —CgN~! and so

CN—2 o
= (06 — 1)N71 =

223le2 9¢€%

and by (4.1.2) and (4.4.38),

4
43| < C (N‘2 + h4> .
g

(4.4.37)

(4.4.38)

(4.4.39)

(4.4.40)

(4.4.41)

(4.4.42)

(4.4.43)
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Noting that
e thi =& — &1 < N YE(i/N), (4.4.44)

and recalling (4.4.28), for negative i, we can write £'(i/N) < C. Hence,
recalling (4.1.2) we have
e th=0(N1). (4.4.45)

Putting the results for Ay, A; and Aj, (4.4.33), (4.4.37) and (4.4.43), into
(4.4.26) and noting (4.4.45) and |n™!| < C we get

|Rij| <CN~2, (4.4.46)

for x;; € ;) on the Bakhvalov mesh.

h
For the boundary condition we multiply (4.4.4b) by 2—0 and have
€

ho 262 _ 2¢e h()l{
G~ G =52 0~ (1475 )
— (o, Dy [50;’171_50;'] + b(x0j760j>] (4.4.47)
0
— £ af . —|—g(l‘gj)
Cancelling terms gives
hok 0
G Boj — GBoj =Dy Bo;j — %g(ij) —€ af

70; (4.4.48)

h PR
+ 2*2 [ — %¢o; Dy [COJ'D; ﬁog‘] + b (205, foj) ] .
Lemma 2.5.2 of Chapter 2 gives

e2Go D1 [Go Di Bos| = €2[C(CA)o; + O(*N Y. (4.4.49)
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k

Taking a Taylor expansion of D, 3; and noting < Ce* yields

ork
D = | - = = 4.4.
r BO] or 0 2 Or2 0 + O<€ h’[))? ( 50)
and so (4.4.48) can be written as
85 ho 826 ho% 05
G Pos = Giho; == or 9 o2 2 9(zoj) — ¢ or

+ ;LZ [ — ¢ C(CB o, +0 (%j,ﬁog')] + O(hoe N~ 4 721h2).

(4.4.51)

We note that for the Bakhvalov mesh hy < Ce N~! and for the Shishkin mesh
ho < CeN~'In N. Now recalling (4.4.8) we can write

2, 98

h 0?
gNBOJ_G,BOJ: 0[_82 B a/r

2¢ or?

— &2 (€O, + b (205, Bos)

+O(N~2In*" N),
(4.4.52)

with m = 0 for the Bakhvalov mesh and m = 1 for the Shishkin mesh, and
by (4.0.1a) and (4.3.2) we have shown (4.4.18). O

4.4.3 Discretisation of the Interface-Boundary of the
Boundary Layer Region I' , N Q.

We now consider the interface between the inner and outer region, that is,
[N Q_rg. This interface is located along the curve r = —7, ie., at a
distance of 7 inside the boundary of the domain. This is represented in

Figure 4.2(b). We have a fictitious Neumann boundary condition on the
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interface between the layer region and the outer region. This condition is

given as 5
% —¢(x) forzel_, NN, (4.4.53)
ou
= (x) forxel_ . NQ.g, (4.4.54)

where I'_. N OON and ', NQ_; 0 are again used to distinguish the sides of
the curve I'_,.

As we are away from the boundary of the domain much of the following
work resembles §2.5.4, §2.5.5 and §2.5.7 of Chapter 2. However we note the
form of 5(z;p) in the current chapter is simpler than that in Chapter 2 and

contains an exponential term not found in (2.4.84).

The finite difference discretisation along the curve r = —7 is
FogU-ng = =670 _n ;= 2wy DilCong Dy Um0l Uonj) = 0,
(4.4.55a)
UfN,Nl - U,N’o, U,N7,1 - U,N’lel, (4455b)
where
2 2
07U_Nj 1= = +1_nKG; + DU, (4.4.55¢)
h_n h_n

Dy = S 0 ey — ey, = dlawy), (44.55d)
Tig1 — T4

Dy and D, are given in (4.4.4g),  is given in (4.3.4) and r_y_; is a fictitious
point with A_x :==7r_ny —7r_n_1.
The discretisation, (4.4.55), is found by using a central difference approx-

imation for the Neumann boundary condition, i.e.,

U_ i —U_n_1,
DTU—NJ - N+1§h_N — = ¢J7 (4456>

where U_n_1; is the solution at the ghost point r_y_; located outside the
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domain with h_y :=r_y —r_y_1 and h_y = h_y41. We combine (4.4.56)

with (4.4.4) and eliminate the term U_x_; giving

1 —20-njP; + (T-Nt1; + T-n;) D U_N;

2 o
0,U_Nj 7= 11_N; . (4.4.57)
Note that
_ ~ _ h,N _ h,N:‘i
77—]1Vj77—Nj = 77—]1Vj (77—Nj — 2/‘6> =1- 77_11\7 5 (4.4.58)

and 7_n41j +7-n; = 2n—n; and combining this with (4.4.57) gives (4.4.55¢).

Lemma 4.4.3. Let Q D Q\Q[—T+h,N,O} be the interior of the curve r = —7 +
h_n where T is chosen in (4.4.1). For B(x;p) defined in (4.3.28) we have

1Bllcay < C (1+e72N72). (4.4.59)

Proof. Recall Lemma 4.3.2 and note mixed derivatives can be calculated by

again obtaining equations of type

Lelo(€, D] = (& 1) with  [¥(§ D] < CL+ [E7)Ix(E D], (4.4.60)

and applying Lemma 3.3.2. To calculate [[ug + @0 + ev1[[c2) we can use
Lemma 2.5.6 and find,

o + To + evilleagy < C(1+ e 2e71/e), (4.4.61)

For the Bakhvalov and Shishkin meshes we can write e 1"/ = ¢=77/¢ = N2

and so (4.4.61) becomes

[uo + B0 + 01| g2y < C(1+e2N72). (4.4.62)
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To calculate Copl|p(r)||lc2(q) we take derivatives with respect to 7, and get
Copllp(M)ll 2@y < Cpe~2e~0lnil/e < Ope=2. (4.4.63)

Recalling p = C,N~2 we have
1Copp(r) o2y < C- (4.4.64)

Hence combining (4.4.62) and (4.4.64) yields (4.4.59). O

Lemma 4.4.4. Let B(x;p) be defined by (4.3.28), and the mesh {r;}; 2 be
the Shishkin mesh or Bakhvalov mesh of §4.4.1. Then for all |p| < po at all
interface-boundary nodes v_n; € ' N _; o) we have
_ _ 2¢?2 B _
‘Fg_TOB(I—Nj7p)_fﬁ(x—Nj7p):7 _7+¢ +O(N 2)'
[~7.0] h_n or N

T-Nj

(4.4.65)

Proof. As we are away from the boundary we call on the proof of Lemma 2.5.7,

and have

ap

B yom=Fas) = o (<50 40)| S0 B )
[~7.0] h_n or . or
" (4.4.66)
As |n7' < C and k < C then 8%7‘%2? = O(&?||8| 2(@)) and using (4.4.59)
gives (4.4.65). L

4.4.4 Discretisation of the Outer Region ON

For the outer region ON .= QN \Q(_+0), represented in Figure 4.2c, we apply
the standard finite element method used in §2.5.7 of Chapter 2 and get the
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same equation as (2.5.80), i.e.,
&2

Lemma 4.4.5. Let 3(xz;p) be defined by (4.3.28) and 1 € SN be its piecewise
linear interpolant such that B1(X;) = B(X;) at all mesh nodes X; € QN.
Furthermore let T be defined by (4.4.1). Then for all |p| < po we have

FNU; .= (VU,Vy;) +b(X;,U;) =0, Ve QV. (4.4.67)

|FNB! — FR(X)| < CN72 VX, € QY. (4.4.68)

Proof. We recall Lemma 2.5.8 and note that as we are away from the bound-
ary (2.5.86) is true for FV3; — FB(X;), i.e., we have

| FNBi — FB(X)| < Ce2||Bll o2y (4.4.69)

Calling on (4.4.59) we show (4.4.68). O

4.4.5 Discretisation in the Interface of the Outer Re-
gion I'_, N 9ON
We now consider the interface of the outer region, I' . N OON . This is rep-

resented in Figure 4.2b. Again as we are away from the boundary of the

domain this section follows §2.5.8 and so we have the system

2

FNU, = ugm(VU, V) (X, Up) = 2a;0; ¥X; € TN, 000N,
» Xj
(4.4.70a)
where
1
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Note
a;j = O(N). (4.4.71)

Lemma 4.4.6. Under the conditions of Lemma 4.4.5 for all |p| < po we have

0
F5B) — FB(X;) = aje (5 - d)) +O(N72). (4.4.72)
X
Proof. Calling on Lemma 2.5.10 and we have
N oI 85 2
Fab —FBX)) =a;e” (5= — ¢ +O( 18]l 2 ) (4.4.73)
By (4.4.59) we get (4.4.72). O

To get the discretisation on the interface we combine the discretisation
J'_‘N
Q

N .
.o and Fg using

hon/2)FY Ui+ (1/a;) FYU;
FNU; _ Bn/2) ;’[;7211/(&'/ 7o Us VX; el . (4.4.74)
- J

Lemma 4.4.7. Under the conditions of Lemma 4.4.4 for FN of (4.4.74) we

have

[ FYB; — FB(X;)| < ON72, (4.4.75)
for Xj el ..

Proof. Following Lemma 2.5.11 we get the desired results. O]
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4.4.6 Existence and Accuracy

We now prove existence and e-uniform accuracy for the discrete solution.

Theorem 4.4.1. Let 5(X;,p) be defined by (4.3.28). For all 0 < |p| < po,
B(Xi; —p) and B(Xy;p) are discrete upper and lower solutions to the discrete

problem FN and there exists solution U; of the discrete problem with
U(X;) —u(X;)| < CN~2In*" N, (4.4.76)

for all mesh nodes X; € Q where u(X;) is the evact solution of (4.0.1) and
m = 0 for the Bakhvalov mesh and m =1 for the Shishkin mesh.

Proof. Recalling (4.4.17), (4.4.68) and (4.4.7) we choose Cy sufficiently large
such that

FNB(Xi,p) — FB(Xi,p) = —C4N2In®™ N VX, € QM\oQYN.  (4.4.77)

With (4.3.56), we can write (4.4.77) as

N _ Copy? 2, =2 —21 2m

Let p := C5N~21n”™ N. We choose N sufficiently large such that

Cov? Cov?p
5 < 60071 , de., Op*< %, (4.4.79)
and .
Cie? < Og b (4.4.80)
By choosing Cj5 sufficiently large we can say
C5Coy?
0, <2 607 . (4.4.81)
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Combining (4.4.79), (4.4.80) and (4.4.81) we write (4.4.78) as

FNB(Xi,p) = —~ = 0. (4.4.82)

Similarly we can find F¥5(X;, —p) < 0.
Choosing C5 sufficiently large and recalling (4.4.18), for points on the

boundary, we can say

GVA(X.P) > FAX.E) ~ N N 4 GA(X, ). (4489)
Recalling (4.3.65) and (4.3.41) we can write (4.4.83) as
GV B(Xi,p) = Cocop — CsN~2In*™ N. (4.4.84)
By choosing Cj5 sufficiently large such that C3Cycq > C5, then
GNB(Xi,p) = 0. (4.4.85)
Similarly,

GV B(Xi, —p) <O0. (4.4.86)

Now by the theory of upper and lower solutions, 5(X;, —p) and S(X;,p) are
discrete upper and lower solutions. As the discretisation FV is a Z-field by
Lemma (1.0.1) there exists a discrete solution U(X;) to (4.4.4), (4.4.67) and
(4.4.74) such that

B(Xi, —p) K U(X;) < B(X;, p). (4.4.87)

By (4.3.34) we can say U(X;) = u.s(X;) + O(p) and combining this with
(4.3.62) we have
U(X:) = u(X;)| < C(p+€7), (4.4.88)

and recalling (4.1.2) and the definition of p we get (4.4.76). O
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4.5 Conclusions

We considered a two-dimensional singularly perturbed reaction-diffusion equa-
tion with singularly perturbed Neumann boundary condition and made cer-
tain assumptions on the system in order to ensure existence of a boundary
layer solution. We introduced curvilinear coordinates in a narrow region near
the boundary of the domain and rescaled the system in this region. By creat-
ing an asymptotic expansion and perturbing it we obtained upper and lower
solutions.

As the asymptotic expansion of the problem was less complex than that
in Chapter 2 we were able to calculate the truncation error on the Bakhvalov
mesh as well as the Shishkin mesh. We used the finite element method to dis-
cretise the outer region away from the boundary layer and the finite difference
method inside the boundary layer region. A fictitious Neumann condition
was used on the interface curve with one side of the curve being discretised
by the finite element method and the other by the finite difference method.
These discretisations were then combined to eliminate the fictitious Neumann
boundary condition. In using both the finite difference method and finite el-
ement method we were able to refine the mesh in the layer region and still
have a Delaunay triangulation in the outer region, i.e., we had an M-matrix
discretisation of the system and so could use Z-fields.

The truncation error was estimated using discrete upper and lower solu-
tions and was found to be bounded by CN~2 for the Bakhvalov mesh and
CN~2In* N for the Shishkin mesh where C' is a positive constant and N is
the number of mesh nodes. Existence of the computed solution was shown

by using the property that the discretisation was a Z-field.
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Chapter 5

Numerical Results

This chapter consists of numerical results for examples of problems from
Chapter 2 and Chapter 3. These are used to illustrate the theoretical results

of each chapter.

5.1 Numerical Results for Chapter 2

We present results for a two-dimensional reaction-diffusion test problem ex-
hibiting interior layer solutions to illustrate the need for the stabilised method

in this case.

5.1.1 Test Problem for Chapter 2

We examine (2.0.1) with the following nonlinear function,

b(x,u) = (u—p)u(u+ 1), (5.1.1a)
where
op(z) = 15— (5.1.1b)
py+ 1
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and
py(z) = <§%>2 + (ﬁ)Q, (5.1.1c)

and boundary condition
g(x) =—-1 z € . (5.1.2)

The domain Q is given by z1 = ¢(l) := Rsinf and x5 = ¢(l) := 1.5Rcosf
with [ € [0, 27] and

R=R():=04+41/2cos’l 6 =0() :=1+e/*?sin(1/2)sinl. (5.1.3)

This domain is represented by the outer curve (blue) in Figure 5.1. Recall
this is the problem we considered in §2.1 to show the difficulties involved in

such a problem.
0.8 .

0.6 |
04 |
0.2 |
0
-0.2 |
-0.4 |
-0.6 |
-0.8 |
-1

1-080604-02 0 02040608 1

Figure 5.1: The boundary of the domain Q) (the outer curve in blue) and the
transition curve 'y (the inner curve in red).
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We now check that assumptions (A1)-(A6) hold true for (2.0.1) with
(5.1.1) and (5.1.2).

Assumptions (A1) and (A2):
The reduced problem b(z, u(z)) = 0 has three solutions,

wo(x) =0, @i(x)=—1 and ¢a(x) = @p(z). (5.1.4)

These solutions are ordered, —1 < 0 < y(z) for all z € Q and there is
no other solution between —1 and ¢,(x). Assumptions (Al) and (A2) are
satisfied.

Assumptions (A3) and (A4):

The derivative of b(z,u) with respect to u is
bu(z,u(z)) = (u—pp)u+ (u—wp)(u+1) +u(u+1). (5.1.5)

We note () > 0 for all 2 € Q. For each o;(x) in (5.1.4) we have,

by(z,o1(x)) =1+ pp(z) > 0, (5.1.6a)
bu(z, po(x)) = —pp(z) <0, (5.1.6b)

and
by (2, pa()) = wp(z)(1 + wp(x)) > 0. (5.1.6¢)

Hence (A3) and (A4) are satisfied.
Assumption (A5):
For the nonlinear function (5.1.1), the integral Z(z) from (2.2.2) is

1 1 1 1
I(w) = —zor' + 20" + < (—o2 + 1) (=1’ + 22°) — S0 (—0” + 02%)

1 1 3 2
(5.1.7)
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and using the values of ¢y, ¢1 and s in (5.1.4) we get

_ 1 4 1 3 1 2
I(z) = 1 = 1)+ 3 (—pp+1) (1 + s ) — 5% (—1 + @b ) . (5.1.8)
Solving (Aba), that is Z(z) = 0, gives the solution ¢,(x) = 1 and solving this

for (z1,x2) we have
1622 + 2525 = 4. (5.1.9)

This can be written in a similar form to 02, that is the curve I'g is given by
x1 = 1/2cos(l) and x9 = 2/5sin(l) for I € [0,2x]. This defines the curve I'y

which is the inner (red) curve in Figure 5.1.

0.82
0.80
0.78
0.76
0.74
0.72
0.70
0.68

Figure 5.2: Plot of 0,Z(x)
for 1 €10,2n].

==

orx € Iy with x1 = 1/2cos(l) and x5 = 2/5sin(()

Taking the outward normal of Z(z) from (5.1.8), we obtain §,Z(x) which
is represented in Figure 5.2 and as this is bounded away from zero, (A5b) is
satisfied.
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Assumption (AG):
The condition (A6) is met as

o1(z) =—-1=g(z), Api(z)=A(-1) =0, (5.1.10)

for all z € 0€.

We now consider the possibility of a boundary layer solution to (2.0.1) with
(5.1.1) and (5.1.2). If a boundary layer exists then it must have uy(z) = @p(x).
Considering the other stable reduced solution, ug(z) = —1, this cannot have
a boundary layer solution as ug(z) = g(z) for all 2 € Q. For existence of a

boundary layer solution the following condition must be met

/U( )b(x, s)ds >0 Vv € (up(x),g(x)],z € 00 (5.1.11)
uo(x
As ug(z) = pp(x), 0.6 < pp(z) < 1.5 and g(x) = —1 we consider the case
v = —0.5, that is
eb(z)
/ b(z,s)ds € ON. (5.1.12)
—0.5

We represent the solution in Figure 5.3. This solution is not strictly positive
for v = —0.5 for all values of x € 92 and hence is not strictly positive for all
v € [—-1,up(z)). Hence (5.1.11) is broken and a boundary layer solution to
(2.0.1) with (5.1.1) does not exist.

5.1.2 Implementation of the Finite Element Method

We present results for (2.0.1) with (5.1.1) using the finite element method on a
quasiuniform Delaunay triangulation as described in §2.5.7. We describe the
implementation of this here. A mesh is created using the MATLAB function
initmesh with a maximum edge size of 1/N where N + 1 is the number of

mesh points.

263



NUMERICAL RESULTS

0.01

—0.01
—0.02
—0.03
—0.04
—0.05
—0.06

Figure 5.3: Solution of (5.1.12) with v = —0.5 for x € 0 defined in (5.1.3)
and | € [0, 2x].

For the local triangle (z1,v1), (%2,y2) and (x3,ys) represented in Fig-

ure 5.4a, define

a1 =Y — VY3, QA2 =Y3— Y1, as=1uy —1Y, (5-1-13)
b1 = T3 — T2, bg =T — Ig, b3:x2—$1, (5114)
€1 = TaYy3 — T3lY2, Co = T3Y1 — T1Y3, C3 = T1Y2 — TaYi. (5.1.15)

The local element stiffness matrix Kj,.q is defined as

a% + b% a1a2 + blbg ajas + blbg
ajas +biby  ai+0b3  azaz+bebs |, (5.1.16)

ajas + b1b3 as0a3 + bzbg (I% + bg

Klocal = E

and the local mass matrix, M., is created using lumped mass and is given
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as
1 00
S
Mipeas = 3 010 (5.1.17)
0 01
where
1 1 T X3
S = 1 det yl y2 y3 (5118)

Let the global index matrix be defined as

i

where p;, ¢; and r; are global numberings of mesh nodes that correspond to the
local numberings 1, 2 and 3 of triangle e;. This is represented in Figure 5.4b

on a coarse mesh for presentation purposes.

1
(951,91) 2

(22, 92)

(a) Local triangle numbering.

(b) Global triangle numbering with
a coarse mesh for presentation
purposes.

Figure 5.4: Relationship between local and global triangle numbering.
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The global stiffness matrix is written as K jjopq and is of size (N 4+ 1) x (N + 1)
and the global mass matrix is given by M b and is of size (N + 1) x (N + 1).

These are defined by an iterative process. First define
Kglobal(l : N+ 1, 1: N+ 1) = 0, Mglobal(l : N+ 1, 1. N + 1) =0 (5120)

The iterative process is then:
Fori=1:N+1,

Kglobal<L(:7 Z), L(I, Z)) = Kglobal<L(:7 Z), L(I, Z)) + Kliocah (5121)

Mglobal(L(:a Z), L(i, 2)) = Mglobal<L<:7 Z), L(Z, Z)) + Mliocab (5122)

where K ., and M. . are the local stiffness and mass matrices for triangle
i described in (5.1.16) and (5.1.17). The solution U is defined as

v = o, il (5.1.23)
We aim to solve the system
FNU .= 2KU + Mb(U), (5.1.24)

Uy =g(X;) for X; € 00N (5.1.25)
for U. To do this we use Newton’s method, i.e., we aim to solve
<€2Kglobal + Mglobalbu(v[k])> W[kJrl] = - <€2Kglobalv[k} + Mglobalb(v[k])> )

(5.1.26)
for W with V1 .= Wkl L VI where k is the iteration number. The
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system (5.1.26) can be written as

(£ My K grobar + bu (V) ) W = — (£2M ), K giopa VI + b(VIH) ).
(5.1.27)
The nodes on JN) and the nodes in the interior are separated. We denote
the nodes on 9€) as d; and the interior nodes as n;. The matrices K yopq and

Mgiopar are both now separated into two matrices;
Kint = Kglobal(”ia”i)a Kpir = global(niv dz‘); (5-1'28)

Mine = Mgiopar(ni, 1)  and  Mpir = Mgiopar (1, d;). (5.1.29)

The system (5.1.27) becomes

(2 Mot Kint + bu (Vi) ) Wit = = (€2 Mt Kind Vi + b(Vid) )

wnt wnt mt wnt wnt

N T R CRE U
— (e"Mpi Kpir Vpir + 0(Viy)).

We note b(V[[,’zL) = b(g(z)) = 0 and so the final term vanishes. The Ja-

cobian is defined as J(V[k}) = M, Ky + bu(V[k]) and (5.1.24) becomes

int int int
FN(VIHY) = €2Mi;%KmtV;Z€t] + b(VZ[:t]) + gQMBiHKD,»rvgfiL, i.e., we solve

Wi+ — gy pN (R, (5.1.31)

where “\” is the MATLAB backslash command.
Using (5.1.31), W is calculated and the following are defined

VIE (1) = Wi K (5.1.32a)

and

VIR (d; 1) = g(dy). (5.1.32b)
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Two checks are then carried out;
|IWH| <tol and ||FNVH| < tol, (5.1.33)

for a tolerance tol. The system repeats (5.1.31) and (5.1.32) with k replaced
by k+ 1 until (5.1.33) is met, in which case the computed solution is defined
as

Ung, 1) = whH - yl¥ (5.1.34)

and
U(d;, 1) = g(dy). (5.1.35)

5.1.3 Results

To solve (2.0.1) with (5.1.1), a mesh was created using MATLAB’s initmesh
function with a maximum side edge of 1/N where N = 20. This is shown in
Figure 5.5.

We first consider the conventional method, i.e., (5.1.31) with £; = ¢. Us-
ing the three initial guesses, =7 + 23 — 1, —1 — z; and 1, computed solutions
were found and are presented in Figure 5.6, Figure 5.7 and Figure 5.8. These
solutions all differ from one another. From the analysis of §5.1.1 there exists
an interior layer solution and the trivial solution u(x) = —1. As can be seen
in Figure 5.6 - Figure 5.8, none of the solutions found using the conventional
method give a solution of either type. Existence of boundary layer solutions
has been ruled out in §5.1.1 and so Figure 5.8, the most plausible solution,
is incorrect. All computed solutions described here converged within 21 iter-
ations and a tolerance of 107! was used.

To obtain correct computed solutions the stabilised method of §2.5.2 is

used with

&(z;;) = max {g, g} (5.1.36)
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Figure 5.5: Quasiuniform triangulation for the domain Q) described in §5.1.1
created using MATLAB’s function initmesh with a mazimum side edge of
1/N where N = 20.

In this case we take C' = 1.1. We again obtain the computed solution using
the finite element method as described in §5.1.2. The three initial guesses
were again used giving the solution shown in Figure 5.9 or the trivial solution
u(z) = —1 for all z € Q. This computation converged within 19 iterations.
This solution is of the correct type, the solution u(x) &~ —1 in the region
between the boundary of the domain and the curve Iy, the solution u(z) =~
¢p(x) in the inside of the curve I'y and there is a sharp jump from one solution
to the other along the curve I'y.

To conclude the conventional method can give incorrect computed solu-
tions, some of which may appear to be plausible without carrying out further
analysis. The stabilised method is required to solve this numerical instability

as solutions can be of the wrong type without this method.
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U('Ila 1'2)

-0.5 1 -

T2

Figure 5.6: Incorrect solution obtained using an initial guess of x% + 22 — 1
with e = 1073, Converged in 21 iterations.
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0.5

0
T2 -0.5 -0.5 x1

Figure 5.7: Incorrect solution obtained using an initial guess of —1 — xy with

e = 1073. Converged in 18 iterations.
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1073, Converged within 7 iterations.
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) -0.5 -0.5

X1

Figure 5.9: Solution of (5.1.31) using the stabilised method with C = 1.1 and
e = 1073, Stabilised solution with initial guess of 1. Converged within 19
iterations. Other initial guesses give the trivial solution u(x) = —1 for all
x € (.
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5.2 Numerical Results for Chapter 3

For a test problem of type (3.0.1) we present results using the finite difference
method on a uniform mesh, the Shishkin mesh and the Bakhvalov mesh. We
give computational rates and error bounds for solutions on the Shishkin and

Bakhvalov meshes and again show the need for the stabilised method.

5.2.1 Test Problem for Chapter 3
We consider the system (3.0.1) with the following nonlinear function,
f(xv t U) = (2 - u)(u - gbl)u(u - ¢2)7 (5218’)

¢1(z,t) =1 —1/2cos(mx —t), ¢o(x) = —(2* +1/2), (5.2.1b)

with boundary conditions

go(t) = agsin(t), ¢i1(t) = aysin(t), (5.2.1¢)
with ag = 0.4 and a; = —0.4 and initial condition
o(x) =1/2. (5.2.1d)

We solve this on the domain D := {(x,t) € [0,1] x [0,7]} with T"= 1.
Assumption (B1):

There are four solutions to the reduced problem f(x,t,u) = 0; they are

¢1(z,t), ¢2(x), 0 and 2. The derivative of f with respect to u is

fulz,t,u) = — (u— ¢d)u(u — ¢2) + (2 — w)u(u — ¢o)

(5.2.2)
+ (2= u)(u—¢1)(u—d2) + (2 —u)(u— d1)u.

By a calculation the derivatives evaluated at the reduced solutions are found
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to be

fu($,t,¢1) = (2_¢1)¢1(¢1 _¢2) > 0, fu(l’,t, ¢2) = (2_¢2)(¢2_¢1)¢2 >0,
(5.2.3a)
fu(z,t,0) = 2¢1 < 0 and  f,(z,t,2) = —2(2—¢1)(2—¢2) < 0, (5.2.3b)

noting 0.5 < ¢; < 1.5 and —1.5 < ¢ < —0.5. Hence both ¢(x,t) and
¢o(x) are stable solutions to the reduced problem while 0 and 2 are unstable

solutions. We consider u(z,t) & ¢1(x,t), i.e., let ug(z,t) = ¢1(x,1).

0.6

0.5

0.4

—~
+
~—

< 0.3
0.2

0.1

0

0 0.2 0.4 . 06 0.8 1

Figure 5.10: Solution A(t) of (5.2.5) fort € [0,1].

Assumption (B2):
Recalling (B2) we aim to find a sufficiently smooth function A(t) that satisfies
_ agsin®(t)

A(t)
/0 F(0,t,up(0,t) + s)ds = — (5.2.4)

275



NUMERICAL RESULTS

Calculating the integral in (5.2.4) we have the following equation for A(t),

—48A(t)® 4 [90 cos(t) — 90]A*(t) + [60 sin®(t) + 120 cos(t) + 20] A%(¢)

+[15cos®(t) + 135 + 45sin?(t) — 60 cos(t)] A(t)* = 120sin’(t).
(5.2.5)

The solution of (5.2.5) is represented in Figure 5.10 where it can be seen that

(5.2.5) has a sufficiently smooth solution and so (B2) is satisfied.

0.60.5 0.8 1
30.9 0.4
0200 027,

Figure 5.11: Graph showing (B3) fort € [0,1] and s € [0, max,{A(t)}].

Assumption (B3):
Noting A(t) > 0 we consider sf(0,t,uo(0,t) + s) for s € (0, maxejo,r) A(t)]
where maxcjo,r) A(t) = 0.67. This is represented in Figure 5.11. This figure
includes values of s ¢ (0, A(t)] for the given ¢. However, as sf(0,t,uo(0,t) +
s) > 0 for all values (B3) is satisfied.
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Assumption (B4):

We look to calculate,

sf(x,0,61(2,0)+5) = s*(2—¢1(2,0) = 5)(1(2,0) +5) (5 + 61 (2, 0) — P22, 0)),

(5.2.6)
for s € (0,p(z) — ¢1(x,0)]'. We note the form of ¢(x) — ¢;(z,0) given in
Figure 5.12a. The solution of (5.2.6) is shown in Figure 5.12b. A small
portion of this graph is positive however in this region s ¢ (0, ¢(x) — ¢1(x,0)]

for the value of x in the region. Hence this region can be ignored and (B4) is

met.
xr
0 0 02 04 06 0.8

—0.2
S
204
S
l 0.6
B
0.8

—1 (b) Graph showing (B4) for x € [0,1] and
(a) Plot of () — ug(x,0) for x € s € (0,mingep1{p(z) — uo(z,0)}]". The
[0,1]. region in which (B4) is positive can be disre-

garded as s & (o(x)—uo(z,0)] forx € [0,1].

Figure 5.12: Plot of values of p(x) — uo(z,0) and plot of (B4).

Assumption (B5):
Considering the necessary equations (Bba) is satisfied as

¢ _

5~ 0 90(0) =1(0) =0, (0) = uo(0,0) = $(0) —u0(0,1) = 0. (5.2.7)
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up(z,t)

Figure 5.13: Plot of ug(x,t) for x € [0,1] and t € [0, 1].

0
Finally % = m/2sin(mx — t) and evaluating this at + = 0, ¢ = 0 gives
T

Juo = 0. Hence all conditions in (B5) are satisfied.
O =0,t=0

From this analysis the conditions (B1)-(B5) are satisfied for (3.0.1) with
(5.2.1) and a boundary layer solution to the problem exists. We note the
form of the function wy(z,t) = ¢1(z,t) is represented in Figure 5.13. The
solution of the test problem will be close to this solution in the majority of

the domain.
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5.2.2 Implementation of Finite Difference Method

We use Newton’s Method to solve the system (3.0.1) with (5.2.1) and the
initial guess set as the solution at the previous time step. Define N as the
number of space steps and M the number of time steps.

We aim to solve
TN(U;) := SU; + C;(U; — Uj_y) + F(U;) = 0, (5.2.8)

for j =0,..., M where the matrices S, C; and vector F'(U;) are defined as

& _ &
1 1 0
g? 2 _ e
b £ @ hahiy
g2 2 g2
hah hah
S = 22 312 , (5.2.9)
e 2 __ e
hn_1hN_1 £ aN-1 hnhAN_1
_ & €
0 I AN
1 1
where a; := R
h1
25k’j O
1
k;
220y .
C;=¢ (t]) - , (5.2.10)
1
kj
0 Iy

2Ek’j
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—p(wo) W f(wo, ty, Vo)) + go(t;)
— (1) f(xhtj,‘ﬁ[j]?])
FVY =1 1| PO = s
—p(rNn_1) flan_1,t5, V]Efk]—l,j>
—p(zN) M fan ty, Vi) — ai(t;)
(5.2.11)

The solution U; has the form

U= "1 (5.2.12)

U;

To solve (5.2.8) we employ Newton’s method, giving the initial guess V;-[O] as

the computed solution at the previous time step. We then solve the following

k1 —J(Vj[k])\TN(Vj[k]), (5.2.13)

J

again using the MATLAB backslash command, where we recall 7V from
(5.2.8) and define J(Vj[k]) =C;+ S+ Dg-k] and

1 fu(wo, 5, VIR ) 0
[ } fu(a:17tjavl[j])
k
D" =
J
fu(-TN—lytjvngcllj)
k
0 %fu(xl\fvtjv 1{7]])
(5.2.14)

[k+1]

Once this iteration is complete, V; is defined as

V.UH_I] — W[k-‘rl] . V[k] (5215)

J J J
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When
max |[WEHY) <tol,  max |[TV(VIF)] < tol, (5.2.16)

are met, for a given tolerance tol, the system stops iterating. The computed
solution U; is defined as
U; .= whk — vk (5.2.17)

and the system moves on to solving the next time step, j + 1.

5.2.3 Computational Rates and Maximum Nodal Er-

rors

As we do not know the exact solution to (3.0.1) with (5.2.1) we use a method
discussed in [5, Chapter 8] and [17] to obtain computation rates and maxi-
mum nodal errors for the computed solutions on the Bakhvalov and Shishkin

meshes.

The Bakhvalov Mesh

For the Bakhvalov mesh with N and M space and time steps, respectively,
two auxiliary meshes are created, the first is created using 2N and 4M space
and time steps, respectively, and the second is created using 4N and 16 M

. . N.M
space and time steps, respectively. For the error u;; — u;;”" assume

w; —ufy ™M A CINT + CoM 1 (5.2.18)

for some r > 0 and some positive constants C; and C5. For the error

N AM

i — u;; we also assume

U5 — U2N,4M ~ 01(2N)7T + CQ(4M)7T/2. (5219)

ij
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Subtracting (5.2.19) from (5.2.18) yields

up MM M (CLNTT A+ Gy M) (1 - 277, (5.2.20)
and using (5.2.18) gives
ONAM _  NM _ N,M —r
From (5.2.21) we can write,
e O e [ e | (5.2.22)
where || -] is the discrete maximum norm max | -|. Solving (5.2.21) for r gives
[u™ — ul]
Following the same argument for u?]N’wM we get
Uij — U?JN’MM ~ 27 (uy — ?]NAM), (5.2.24)
and so we subtract (5.2.19) from (5.2.24) giving
ONAM _ ANJ6M __ (o—r 2N 4M
i T Uy ~ (277 = 1) (ug ™ — ugy) (5.2.25)
Calling on (5.2.22) we replace (1 —27") in (5.2.25) to give
INAM _  NM  ONAM _ 4N16M
Z]u“ ~ UN’;& ~ UuzN,4M _Z]u“ (5.2.26)
1) i i ]
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Rearranging terms gives

N,M N N,M 2N AM
I RN Y (5.2.27)
2N, AM 2N AM AN,16M -4

and so finally r from (5.2.23) can be written as

||uN,M . uzN,4MH

r = log, (5.2.28)

[P NAM — g ANI6M |

The Shishkin Mesh

For the Shishkin mesh auxiliary meshes are created by bisecting the previous
mesh. We obtain a mesh using the method described in §3.4.2 and define
the solution on this mesh as vV, Bisecting the original mesh we denote the
solution on this new mesh as #?V*M. Bisecting this mesh a second time we

denote the solution on this third mesh as u*V:16M

. The result is three meshes
with the same transition point.
The error in the solution is given as
ul™ —uy & Cy (N InN)™ + Cy (M~ In M)"2, (5.2.29)
for r > 0 and some positive constants C'3 and Cy and considering the bisected
mesh we have

BNy Cy(2N) T INY  Cu((AM) MY, (5.2.30)

ij

ie.,
UM =gy (ul M — )27 (5.2.31)

]

Subtracting (5.2.29) from (5.2.30) gives

a?]NAM M (ugM —u)(1—27"). (5.2.32)
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Bisecting a second time and again using the same transition point, we

calculate the error as

IOy~ C((AN) " I NY + CA((16M) MY (5.2.33)

ij
Recalling (5.2.30), (5.2.33) can be written as

ﬁ;;]gv,wM S (a?jN,KLM w2 (5.2.34)

Subtracting (5.2.30) from (5.2.34) yields

ﬂ2N,4M_a4N,16M ~ [03(N—1 In N)T+C4(M_1 In M)T/Q](I—Z_T)Z_T, (5‘2'35)

ij ij
and using (5.2.32) gives

GENAM _ GANAGM g oor (ENAM _ N (5.2.36)

Solving for r gives

¥ — @

[[u2NAM — AN 16M |

2N, AM I

r = log, (5.2.37)

This enables us to numerically calculate the computational rate of the

system and compare it with that obtained from our analysis.

5.2.4 Results

Solutions are found using (5.2.13) with (5.2.15). For the conventional method
€% = £” and for the stabilised method the parameter £7 was chosen as in (3.4.6)
with C' = 4. A tolerance of 5x 10710 is used with v=0.9,T=1and M = N2
All figures have been created using e = 107 and N = 32.

The solution of the conventional method on a uniform mesh is given in

Figure 5.14a. This solution is incorrect and jumps between the solutions to
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the reduced problem.

Using stabilised method gives the solution shown in Figure 5.14b. This so-
lution is of the correct type and the numerical instability is resolved. We note
that the solution on the uniform mesh does not properly capture the layers
in the solution, in particular the initial layer is not present in Figure 5.14b.

The Shishkin mesh is used in the form described in §3.4.2 and for the
Bakhvalov mesh of §3.4.2 we have

~ —2¢/yIn(1 —40,) —1/2

d, = =2~71 2.
5. 172 , Cy=2y71 (5.2.38a)

—e2/4*In(1 —26;) — T

0, — 1 ’
The stabilised solutions for ¢ = 107* and N = 32 on the Shishkin mesh
and the Bakhvalov mesh are presented in Figure 5.15. On the layer adapted

dy = and Cy= (v*T)7". (5.2.38b)

meshes the conventional and stabilised methods both produce correct com-
puted solutions. The convergence rates confirm the results found in Theo-
rem 3.4.1.

The computational rate r and the maximum nodal errors for the con-
ventional and stabilised methods on the Shishkin and Bakhvalov meshes are
given in Tables 5.1 - 5.4. These results match the theoretical results of The-
orem 3.4.1. Both methods on the Shishkin and the Bakhvalov meshes have

e-uniform convergence.
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(a) The conventional method. (b) The stabilised method with C =4.

Figure 5.14: Solutions of (5.2.13) with (5.2.15) on a uniform mesh with ¢ =
107* and N = 32.
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(a) Solutions on the Shishkin mesh with e = (b) Solutions on the Bakhvalov mesh with
10=%, N = 32 for the stabilised method. e =10"%, N = 32 for the stabilised method.

Figure 5.15: Solutions of (5.2.13) with (5.2.15) with ¢ = 10~* and N = 32.
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N,e| 107! 102 1073 10~* 107° 10-° 1077 1078
32 | 1.97 1.97 1.97 1.97 1.97 1.97 1.97 1.97
64 | 1.99 1.99 1.99 1.99 1.99 1.99 1.99 1.99
128 | 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
32 | 4.49e-2 7.13c-3 6.87¢-3 6.84e-3 6.84e-3 6.84e-3 6.84e-3 6.84e-3
64 | 1.15e-2 1.82e-3 1.75e-3 1.75e-3 1.75e-3 1.75e-3 1.75e-3 1.75e-3
128 | 2.88e-3 4.57e-4 4.40e-4 4.39e-4 4.39e-4 4.39e-4 4.39e-4  4.39e-4
256 | 7.22e-4 1.14e-4 1.10e-4 1.10e-4 1.10e-4 1.10e-4 1.10e-4 1.10e-4

Table 5.1: Computational rates  in N~" and maximum nodal errors for the
Bakhvalov mesh using the conventional method.

N,e| 1071 1072 1073 10~ 107° 1076 10~7 10~8
32 | 1.98 1.98 1.98 1.98 1.98 1.98 1.98 1.98
64 | 1.99 1.99 1.99 2.00 1.99 2.00 1.99 1.99
128 | 2.00 2.20 2.00 2.00 2.00 2.00 2.00 2.00
32 | 4.49e-2 8.68¢-3 8.39e-3 8.36e-3 8.35e-3 8.35e-3 8.35e-3  8.35e-3
64 | 1.15e-2 2.21e-3 2.13e-3 2.12e-3 2.12e-3 2.12e-3 2.12e-3 2.12e-3
128 | 2.88¢-3 5.53e-4 5.35e-4 5.33e-4 5.33e-4 5.33e-4 5.33e-4  5.33e-4
256 | 7.22e-4 1.20e-4 1.34e-4 1.33e-4 1.33e-4 1.33e-4 1.33e-4 1.33e-4

Table 5.2: Computational rates » in N~" and maximum nodal errors on the

Bakhvalov mesh using the stabilised method.

N,e| 107! 1072 1073 1074 107° 107 1077 1078
32 1.96 1.83 1.83 1.83 1.83 1.83 1.83 1.83
64 1.99 1.93 1.93 1.93 1.93 1.93 1.93 1.93
128 | 2.00 1.97 1.97 1.97 1.97 1.97 1.97 1.97
32 8.70e-3 1.93e-2 1.86e-2 1.85e-2 1.85e-2 1.85e-2 1.85e-2 1.85e-2
64 2.24e-3  9.34e-3 9.00e-3 8.97e-3 8.97e-3 8.97e-3 8.97e-3 8.97e-3
128 | 6.00e-4 3.80e-3 3.70e-3 3.70e-3 3.70e-3 3.70e-3 3.70e-3 3.70e-3
256 | 1.41e-4 1.39e-3 1.34e-3 1.34e-3 1.34e-3 1.34e-3 1.34e-3 1.34e-3

Table 5.3: Computational rates r in (N~!'In N)" and maximum nodal errors

on the Shishkin mesh using the conventional method.
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N,e| 107! 1072 1073 10~ 107° 1076 10~7 1078
32 | 1.96 1.84 1.84 1.84 1.84 1.84 1.84 1.84
64 | 1.99 1.93 1.93 1.93 1.93 1.93 1.93 1.93
128 | 2.00 2.00 1.97 1.97 1.97 1.97 1.97 1.97
32 [ 8.70e-3 2.08e-2 2.0le-2 2.00e-2 2.00e-2 2.00e-2 2.00e-2 2.00e-2
64 | 2.24e-3 9.73e-3  9.39e-3  9.35¢-3  9.35e-3  9.35e-3  9.35e-3  9.35e-3
128 | 6.00e-4 3.90e-3 3.80e-3 3.70e-3 3.70e-3 3.70e-3 3.70e-3 3.70e-3
256 | 1.4le-4 1.40e-3 1.37e-3 1.36e-3 1.36e-3 1.36e-3 1.36e-3 1.36e-3

Table 5.4: Computational rates r in (N~!'In N)" and maximum nodal errors
on the Shishkin mesh using the stabilised method.
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Conclusions

In this work existence and accuracy results were obtained for three nonlin-
ear reaction diffusion problems. These were; a two-dimensional steady state
equation with Dirichlet boundary conditions exhibiting interior layer solutions
(Chapter 2); a time-dependent equation with singularly perturbed Neumann
boundary conditions with boundary layer solutions ( Chapter 3); and a steady
state equation with singularly perturbed Neumann boundary conditions ex-
hibiting boundary layer solutions (Chapter 4).

For each problem upper and lower solutions were obtained by means of
asymptotic analysis. By considering examples of problems for Chapter 2 and
Chapter 3 using the standard method it was clear that the stabilised method
of [16] was necessary to obtain solutions of the correct type. Hence analysis
for the standard and stabilised methods was carried out in Chapter 2 and
Chapter 3.

By considering appropriate discretisations for each problem discrete upper
and lower solutions were set up. In Chapter 2 and Chapter / this was done by
using lumped mass finite elements on a quasiuniform Delaunay triangulation
in the outer regions and finite differences in the layer regions. Each side of

the interface curve between these regions were discretised using a fictitious
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Neumann condition, these were combined to obtain a discretisation for the
interface curve itself, eliminating the fictitious Neumann condition. By using
these discretisations we were able to employ the theory of Z-fields. For the
problem of Chapter 3 a finite difference discretisation was used again allowing
the theory of Z-fields to be used. In all three chapters existence of an exact
solution between the upper and lower solutions was proven using this theory.
Accuracy results of each system were then found.

In Chapter 2 we obtained convergence results using the Shishkin mesh.
Outside the layer region we obtained second order convergence for the conven-
tional method and first order convergence for the stabilised method. Inside
the layer region the truncation error was found to be O((N~!1n N)?>~%) for the
conventional method and O((N~'In N)?~® + N~1) for the stabilised method,
where w € [0,2] satisfies coe = (C'N~'1In N)?* for some ¢y and N. In the
case where the relationship between ¢ and N was stronger, that is e < CN~—%
for some @’ > 4 — A, we found the truncation error to be O(N~=V) for the
standard method and O(N~1) for the stabilised method. As the results found
were not e-uniform, we performed post-processing and found the truncation
error of the standard method to be O(N~21In* N) and the stabilised method
to be O(max{N~21In* N, N~'}) for small ¢. These results are consistent with
the one-dimensional analysis [18].

In Chapter 3 and Chapter 4 we performed analysis using the Shishkin and
the Bakhvalov meshes. We obtained e-uniform convergence, with the prob-
lems having second-order convergence in space, and first order convergence in
time in Chapter 3, both with a logarithmic factor for the case of the Shishkin
mesh.

Finally numerical solutions were used to verify the results of Chapter 2
and Chapter 3. For Chapter 2 the need for the stabilised method was demon-
strated. Using the stabilised method we obtained solutions of the correct

type on a quasiuniform mesh. The theoretical results of Chapter 3 were sup-
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ported by numerical results on the Shishkin and Bakhvalov meshes for the

conventional and stabilised methods.

291






Appendix A

A.1 Existence of a Solution Vj(¢, 1)

In this section we prove results for Lemma 2.4.2. This proof follows that of
[17] and uses phase plane analysis and dynamical systems. It is included here
for completeness. An alternate proof can be found in Fife [6].

To prove existence of a solution ‘70(5 ,1) we consider the following system,

a - 9
85— b€ = 0,1,V A
% - (5_ IRE) 0)7
and
VU(OO, l) = 901(9_5)7 ‘70(—007 l) = 902(57)a ‘70(07[) = 900(973)> (A-2>

recalling the notation z = x(0,l) € I'g. There are three fixed points to this
system; (¢1(x),0), (p2(Z),0) and (¢o(x),0). Consider the Jacobian of (A.1),

that is
0 1
N ) (A.3)
b,(0,1,V5) O

From (A.3) the eigenvalues of the system are 41/b,(0,1,V;). For the fixed
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Figure A.1: Phase plane for the system (A.1).

points (1(Z),0), (¢2(),0), we have b,(0,1,V;) > 0, and so the eigenvalues
are real and of opposite sign. Hence the fixed points (1(z),0) and (ps(z),0)
are saddle points. For (¢o(z),0), we have b,(0,1, py) < 0, the eigenvalues are
complex and of opposite sign. At this fixed point we have a centre as there is
no purely real part to the eigenvalue. This is represented in the phase plane
in Figure A.1.

We are looking for a trajectory that intersects Vp(0,1) = ¢o(Z) and either
enters the saddle point ¢;(x) as & — oo or enters the saddle point pq(T) as
¢ — —oo. This separatrix will be a solution curve.

Consider the case with ¢ > 0, with the other case being similar. solving
v b(0,1,Vp)

the system —— = we get
y v, » g
Vo
v=+ 2/ b(0,1, s)ds + C. (A.4)
$o
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As v(00,1) = 0 we get C' = 0. Taking & — oo, then Vp(0,1) — Vy(co,l) =
¢1(z). This trajectory is in the upper half of the plane. Thus v > 0 and so
the positive root in (A.4) is chosen. From this we have existence of a solution
Vo(&,1) as a trajectory exists from Vy(0,1) = ¢o(Z) to Vo(oo,1) = ¢1(Z).

We make a change of variables vy(€,1) = Vo(&,1) — ug(Z). Now recalling
(2.4.22) we have

¥ < by (0,1, u0(2)), (A.5)

and there exists sg > 0 such that
(7 — A)?s < b,(0,1,up(x))  for 0 < s < sp, A€ (0,7). (A.6)

Now if for all £ > 0, vg(§,1) > so then %5 C and so vy(&,1) > C and we

get lime o0 vo(&, 1) = lime o0 Vo(&, 1) — uo(Z) = oo which contradicts (A.2).

Hence we can say there exists & such that vg(&,1) < so and so for all
& = & then vy(&,1) < so. We now fix & with 0 < wvg(&p,1) < so. For
vo(&,1) € (0, o], we have

) <2 s (A7)

<Y = Awo
0y
Recalling v(§) = (95 we integrate both sides from &; to £ to get
vo(&,1) < (&, 1)eT™M0e= (=N for &5 < € < 0. (A.8)

For & > & we take Cs > (&, 1)e"M% and get

0 3 X - ,7_ . .
vo(€,1) < Cye” 78 (A.9)
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For 0 < & < & we note so < vp(&,1) < wo(&,!) and taking Cs; >

v0(0,1)el=M% we can say
vo(€,1) < vp(&o, 1) < Cse= (V% L Ose (M8, (A.10)

Hence by choosing Cs5 = max;eo, 1 {max{vo (&, et 44(0,1)e0~N0}} we
have
vo(&,1) < Cse” 07N ve > 0. (A.11)

Recall the change of variables gives
Vo(€,1) — uo(Z) < Cse™ N8 ve > 0. (A.12)

By (A.7) we can say

S S (V8 —eu(@)(7 = A) (A.13)

A ;
A —(=NE A14
ag 056 ( )
1
Also as (' < ———— < (" and so
b,,(0,1,0)
oV oV, OV

EAL (A.15)
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A,

Finally by (A.4), %‘? = /b (0,1,0)(Vo(€) — ¢1(Z)) and so

,a% 3 — //8‘70
— <K — < —_— .

The above analysis is repeated to obtain the results for the case of £ < 0.

A.2 Proof of Lemma 1.0.1

Lemma A.2.1. [21, p. 7][17, Lemma 3.1] Let H : R"" — R"*! be con-
tinuous and a Z-field. Let r € R be given. Assume that there exists a,
B € R such that o < B and Ha < r < HB. Then the equation Hy = r
has a solution y € R™ with o <y < B. (The inequalities are understood to

hold true componentwise.)

Proof. Choose v and w such that Hv < r and Hw < r. Define ( as (; :=
max{v;,w;} for i = 0,...,n, and therefore H{ < r. Define S to be the set
of all lower solutions that lie between o and 3, i.e., S := {v € R"™ : Hv <
r,a < v < B S isnon empty as o € S. Let y = sup{v : v € S}. We
therefore have a <y < g and Hy < r.

For the remainder of the proof we want to show Hy = r. There are two
possible cases, y = [ and y < (. By the definition of y, we cannot have
g <uy.

For the first case, y; = (;, we have y, < f for all k # ¢ and as H is
a Z-field the mapping is monotonically decreasing therefore (Hy); > (Hf);.
As HB > r, it must hold that Hy = r for this to be true.

For the second case, y; < G, if (Hy); < r; as H is a Z-field y; can be
increased slightly while retaining the properties a < y <  and Hy < r.
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This new y; is greater than y which was the supremum of the set 5, i.e.,
{veR" : Hv <r a<v< B} and so this new y; contradicts the definition

of y. Therefore the result is again (Hy); = 7.

A.3 Proof of Lemma 2.4.1

[]

Lemma A.3.1. The curvilinear coordinates (2.4.3) are orthogonal and for

the Laplace operator we have
0 ou 0 (. Ou
Au=n12 2% e B el
U Gy (”ar) T (%z)’

n(r,l) :==1+kr, ((r,1):= ()"

where

Proof. The new coordinate system is orthogonal as we have

/ /
Tir Tig| | @ Frmy
Ny g+ 1Tk

Tor T2]

The two-dimensional Laplacian operator becomes

1 a hlhg 8u
Au = :
“ hiho 121;2 dg; < hzz a%‘)

For our system this is

w10 (ou) 10 (hou
~ hyh Or \ h, Or hyhy Ol \ hy Ol )’

where h, = (/a3 . + 23, and by = /a7, + 23, are the Lamé coefficients.

(A1)

(A.2)

(A.3)

(A.5)

As (ny,ng) is the unit normal vector, h, = 1. For the remainder of the
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proof we show h; = (1 + kr)T.
hi = (¢, +rn))? + (¢ +rnh)* = T 4 2r(g\n) + ¢hnb) + r*(nF +n'?). (A.6)

Considering the second term here, we have

/i /

2r
2r(qny + qyny) = -5 (@162 T — Tqvq5 + T'q1¢5 — 4/ ¢5T)

2r
= T ddy — aldy) = 2.

(A.7)

Next we calculate the final term in (A.6) by showing Tk? = T2(nf + nf?).
To do this we expand

P\ 2 Td Td
v = (BEZHEY g 4 T ) (g ) = (b

T T2
(A.8)

Next,

(1 + g5n)? = (17 — g5 )n? + (T° — ¢ )n3 + 24, g5m )

= T°(n}? +n5) — ((¢inh)* — 2qigsnimb + (ghn})?),  (A.9)
= T*(n} +n%) — (¢inh — ghn})*.

Finally
q//T_q/T' q/TI_q//T
i = it = a5 (AT ) g (T,
_i(_ YT+ 2T + 2T — ¢ ”T)
T 429> 4y a4 @191 1), (A.10)
1
= 5 (77— (dida! + dba3)7)
=0,
! 1 vl
since T = (]1(1147:(12(12 Thus (A.10) equals zero.
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The coefficient h; is now

VT2(L+ 21 + k2r2) = (1 + r), (A.11)
giving
1 0 ou 1 0 1 ou
A=A ar (“ + “”m) T As Tl ((1 n mmz) - (A1)
]
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Nomenclature for Chapter 2

Constants

Co

&1

Co

Cl

Takes the value 2 for the stan-
dard method and 1 for the sta-
bilised method, page 76

Sufficiently small positive pa-
rameter such that h? < CoE,

page 87

Small
later defined as ¢; > 7, page 40

positive  parameter,

Sufficiently small positive pa-
rameter such that N > ¢!,

page 87

Parameter in smooth cut-off

function w(z;;), page 76

Parameter in analysis of upper

and lower solutions, page 59

C*

Co

Ch

Cy

Cs

Cy

C
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Fixed positive constant, lower
bound for 0,Z(x), page 34

Parameter in 3, page 60

Parameter in analysis of upper

and lower solutions, page 58

Parameter in analysis of [,

page 61

Parameter in analysis of /[,

page 61

Parameter in analysis of [,

page 64

Parameter in analysis of upper

and lower solutions, page 87

Parameter in bounds for
derivatives of boundary layer

functions, page 52



@)

>

Shishkin
page 74

mesh  parameter,

Bound for Shishkin mesh pa-
rameter C., page 87

Stabilisation parameter,
page 75
Small positive parameter,

e K 1, page 28
Upper bound for ¢, page 64
Stabilised version of ¢, page 75

Bound related to the nonlinear

function, page 45

Bound related to the nonlinear

function, page 33
Mesh diameter, page 73

Scaled mesh diameter and pa-

rameter in [, page 75

Curvature of Ty at
(q1(1), g2(1)), page 39

Endpoint of [, page 39

w Parameter such that p € [0, 1]
and h% < Ce*, page 67

D Small positive perturbation
parameter, page 45

P’ Peéturbation parameter, p’ =

1
e——p, page 75
203]7 pag

p” Perturbation parameter, p” :=
C'N~—® | page 76

D Perturbation parameter with

0262

D> —— 70
p =z 20, page

D’ Perturbation parameter, p’ :=
Ciep age 70

T Magnitude of the tangent vec-
tor at (q1(1), ¢2(1)), page 39

T Mesh transition point, page 73

0 Remainder parameter, 6 &€
(0,1), page 26

Functions

B(x,p, v, 71) Form of upper and lower

solution, page 60

B«(x) A particular case of 3, page 75

Positive constant with A € C(l) Integral terms used to find

(0,7), page 52

t1(1), page 57
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Crr(l) Integral terms used to find
t1(1), page 57
oV
X(fJ) 87507 page 46
oV
X(&: L p) 87507 page 46
n(r,l) Function in the Laplace oper-
ator, n = 1 4+ kr, page 40
I(z) Indicator function, page 75
v(&,1) Auxiliary function, page 49
w(x;;) Smooth  cut-off  function,
page 76
¢(x) Fictitious Neumann condition,

page 91

(€, 1) Right hand side of auxiliary

equation for v(&, 1), page 49

(¢1(1), g2(1)) Parametrisation of the

curve I'y, page 39

Vo(&,1) Specific O(1) solution in the

interior layer, page 44

Vo(&,1;p) Perturbed O(1) solution in

wo(z)

the interior layer, page 45

reduced solution,

Unstable
page 33

e1(x)

pa(z)

¢(r,1)

Stable reduced solution, O(1)
solution in QM page 33

Stable reduced solution, O(1)
solution in Q) page 33

Parameter in the analysis
when € and N have a stronger

relationship, page 108

Smooth cut off function,

page 46

Function in the Laplace oper-

ator, ¢ = (7)1, page 40

B(z,s) Representation of the non-

B(z,s) =
b(x,up + s), page 46

linear function,

b(x,u) Nonlinear function, page 28

t1(1)

to(1)

up ()

Given boundary condition,
page 28
Outward  normal  vector,
page 43

O(e) part of the curve I' |
page 43

O(e?) part of the curve T,
page 43

Reduced solution, page 41
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us(z) Second order solution outside F

the layer region, page 41

Uqs(z;p) Asymptotic expansion of FéVN

v(x)

v4(&,1) Function in 3, page 60

u(z), page 46

A suitable function, depending

on the context, page 26

N
For .,

vo(&,1) Zeroth order boundary layer

v1(§,1) First order boundary layer

function, page 46

function, page 46

v9(&,1) Second order boundary layer

function, page 46

Standard numerical scheme,

page 75

Standard numerical scheme on
the outer side of the interface

curve, page 100

Stabilised numerical scheme,

page 75

» Standard numerical scheme

on the layer side of the inter-

face boundary, page 91

Lev(+)] Differential operator used

for boundary layer functions,

page 48

®[v(-)] Difference between the deriva-

w(z;;) Function in upper and lower

z(&,1) Function in 3, page 60

Operators

On

52U

solutions, page 76

tives of functions across the

curve I'y, page 49

1(&,1) Right hand side of the equa-

tion for vy, page 48

o(&,1) Right hand side of the equa-

Outward normal derivative, ¥

page 34

Terms  involving

deriva-

tives with respect to r in I'j,

N
Fo

. Uin,j, page 92

tion for vy, page 48

The original system, page 28

Regions

Discrete  interface  curves,

page 73
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r Asymptotic expansion of the

transition curve, page 34

Iy Zeroth order location of the
transition curve, page 34

Iy The interior and exterior side
of the transition curve Iy,
page 43

r, Curve of distance a from I'y in
the outward normal direction,
{z(r,1) : v = a}, page 42

I'i., Interface curves, {z(r,l) : r =
+c1}, page 42

Q,;) The interior layer region of
QW page 41

Q(_¢, 00 The interior layer region of

0 page 41

Q Smooth closed bounded do-

main, page 28

QM Region where u(z) ~ ¢i(z),
page 41

QM The outer region where u(z) ~
p1(x), page 41

Q)  Region where u(x) ~ @y(x),

page 41

o

Q) The outer region where u(z) ~

©o(z), page 41

Qo Discrete layer region where

0 <r<T, page 73

;o) Discrete layer region where

—7 <r <0, page 73

o

QN Discrete outer regions, page 73

O\Q_¢.q] Union of QM and QO
outer regions of the domain €2,

page 41

Q Union of QM and Q®, outer

regions of the domain (2,
page 41
o) Smooth closed curve, the

boundary of €2, page 28

Variables

(r,l) Curvilinear coordinate sys-
tem, page 39

x Original coordinates in §2, z =

(1, 22), page 33
Zoj Representation of I'y, page 73

ryn,; Representationof I'y,, page 73
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Piecewise version of x to the g x along Ty, zo = (0,1,
left and right of Ty, * = page 43

2(0%,1), page 43
19 Rescaled r, £ :=r/e, page 44
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